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PREFACE. 


In the compilation of this work, the most esteemed writers, 
lath Knglish mu! foreign. hn\o boon eon>u)h d, hut tlm.se 
most used ure Pe pourey uml le-gendre. 

Napiers C’ircular Parts have been t routed in a manner 
somewhat different to most modern writers. The terms 
conjunct and adjunct, used hv Kelly and others, are hero 
retained, as they appear to he more eonfornmhlo to the 
practical views of Napier himself. 

There are many other parts connected with Spherics that 
might bo treated of, but which are not adapted to a Rudi- 
mentary Treatise- like the present ; those, however, who wish 
to M »* all the higher departin' nt- fully developed, must 
consult the writings of that distinguished mathematician, 
Professor Davies, of the Royal Military Academy, Woolwich. 

Hutton's Course, the Judies’ and PentUmans Diaries, 
(latterly comprised in one), ]> v bourne’s Repository, tho 
Mechanics’ Magazine, and various other periodicals, teem 
with the productions of his fertile mind, both on this and 
other kindred subjects. 
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SPHERICS. 


PRELIMINARY CHAPTER. 


1. A sphere is a solid determined by a surface of which all 
the points are equally distant from an interior point, which is 
called the centre of the sphere. 

2. Every section of a sphere n 

made by a plane cutting it is the 

are of a circle. ' ! \ 

Let O he the centre of the - * n * K 

sphere, APB A a section made by / 
a plane passing through it, draw v 
OC to the cutting plane, and pro- 
duce it laith ways to I) and K, aud 
draw the radii of the sphere OA, 

OP. 


! 1 


Now, since OCP ami OCA are k 

right angles, OA J — OC* = AC 1 , 

and OP J — OC* = PC', hut OA* = OP ; .*. AC 1 = Pc'* 
or AC = PC; hence the section A P BA is a circle. 

If the cutting plane pass through the centre, the radius of 
the section is evidently equal to the radius of the sphere, and 
such a section is called a great circle of the sphere. 

ft. The poles of any circle are the two extremities of that 
diameter or axis of the sphere which is perpendicular to the 
plane of that circle ; and therefore either pole of any circle is 
equidistant from every part of its circumference, aud, if it 1«5 
a great circle, its pole is 90* from the circumference. A 
spherical triangle is the portion of space comprised between 
three arcs of intersecting great circles. 

4. The angles of a spherical trianglaare those on the surface 
of the sphere contained by the arcs ot the great circles which 
form the sides, and are the same as the inclinations of the 
planes of those great circles to one another. 

5. Any two sides of a spherical triangle arc greater than the 
third side. 
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Since ly Kudid XI 2ft t nnv two of the plane angles, which 
fonn the solid angle at O, are together greater than the third, 
hence any t"<> of the arcs which measure those angles must 
he greater than the third. 

0. Since the solid angle at 0(see fig. p ft) is contained by 
three plane angles, and by Euclid XI. \!l, these are together 
less than four right angles, hence the three arcs of the spheri- 
cal triangle which measure those angles must be together less 
than the circumference of a great circle, that is a + b -f c > 
flhO, and wiieo any two aides of u triangle is greater titan the 
third, we base a b > c ; h + c > a; a «f c > h. 


OS Till r<*l,AU on srm.F.MF.ST\I. 


7. If tli roe ares of great cirohs be described from the angular 
l*ointK A, It. C, of nnv spherical triangle A It (’, os poles, tlm 
sides and angles of the new triangle, 1> F E, ho formed will 
be the sunplemetits of the opposite angles and sides of the 
other, and nee versa, 

Since It is the pole of I) F, then It r> is a quadrant, and 
since <: is the pob> of l> i;, ( l> i-, u quadrant ; therefore the 
distances of the points Ituiult hum I> being each a quadrant, 
they are equal to each other, lienee I) n the pole ■ >f HC 


I>Ks=l*0 -<■; KFslMI -A; 
FlIsslSH'— II; iunl I»= I so’_lK ; 

K = )M) — Al ; FsslNi — AB. 
Aluo, au=is(i —r ur=isn'_i); 
AC = lN> -K; A as | HO— FE; 
Ba=lS0‘_FI); C=s|so _i 


o 



The sum of the three angles of a spherical triangle is 
greater than two right angles, and less than six right angles. 

b or if a' + b «p c I»e the sides of the supplemental or 
polar triangle, Aa 1 Hi r— ( r ; b=1 hh CsalMr— d; 

hence A-fll-ff-j-n 4- ^ +r'=s0 x 90=0 right angles; 
but #' -f b* 4- c i# les«%an four right angles, by Euclid XL 
sil; therefore AfltfC is greater than two nght angles; oud 
as the sides u\ l \ c\ of the polar triaugle must have some 
magnitude, the sum of the three angles A, B, C mu*t be less 
than six right angles. 
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SPHERICAL TRIGONOMETRY. 


CHAPTKU I. 

8. SrnF.RKAi. Trigonometry treats of the various relations 
between the sines, tangents. A<\, of the known parts of a sphc 
rieai triangle, and those that are unknown: or, which is the 
same thing, it gives the relations between the part- of a solid 
angle formed bv the inclination of three 
planes which meet in a point, for the solid 
angle is composed of bi\ parts, the incli- 
nations of the three plane faces to each 
other, and also the inclinations of the 
three edges; in fart, a work might he, writ- 
ten on this subject without lining the 
spherical triangle at all, for the six parts 
of the spherical triangle are measures of 
the «i* parts of the solid angle at O. See fig. 

ti. If a spherical triangle have one of its angles a right angle, 
it is called a right-angled triangle ; if one of its sides be a 
quadrant, it is culled a qnadnuital triangle; if two of the sides 
Ik? equal, it is calle d an isosceles triangle, Ac., as in Plano Tri- 
gonometry. 

10. To determine the sines and cosines of a spherical tri- 
angle in terms of the sines and cosines of the sides. 

Let O he the centre of the sphere on which the triangle 
ABC is situated, draw the radii OA,OB,OC; from OA 
draw the perpendiculars A l) and A K, the one in the plane 
O A B, aM he other in the plane OAC, and suppose them to 


r0 • • ( 

\ y 

A ■ 1 /|| ! 

C » / 

A / 

I) 
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gPJfKWCAL TRIGONOMETRY. 


meet the radii OB and OC produced in I> and E. The angle 
DAE is equal to the angle A of the spherical triangle, and 
taking the radius unity we have A D = tan C, OD = sec C, 
A E = tan b, O E = sec b. 

Then in triangles DAE and DOE we have 

OD' *f OK - y()D . OE cos EOD = PE ? 

A D 1 -r AE‘ — MAD . A E cos A = DE 3 

hy suhtracting the second equation from the first, observing 
that OD — AD = OE — AE* = 1, and EOD is measured 
hy DC or a, we obtain 

-f U A D . AE cos A — SOD . OE cos a = 0; 

or hv substituting the above values 

1 -f tan b . tan c cos A — sec b see c cos a = 0 

, f 1 , sin b 

hut see b = r , tan l = ; 

cos b cos b 

1 sin c 

sec c sc , tan c as *. 

cos c cos c 

j sin b sin r cos A cos <i ^ 

cos b cos c cos b cos c 

hence cos <i = cos b cos c -f sin b sin c cos A (1) 

which is the fundamental formula in Spherical Trigonometry. 

11. In the figure the sides b and c are less than 90 f hut it is 
easily seen that equation (1) is gene- 
ral. Let us suppose that one of the 
sides, AC or b for example, is greater 
than 90 9 ; draw the semi circum- 
ferences CA O', CBC\ amt make the 
triangle ABC' of which the sides 
<i' and b\ or B O' and AC', are sup- 
plements of a and b, and the angle c 
B AC' the supplement of A. Since 
the sides b and e are less thau 90 ", the equation (1) can be 
applied to the triangle A BC', and gives 

cos o' as cos b f cos f 4* siu sin r cos BA O' ... (3). 
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Now a' = 180° — a, 6' = 1 £0° — 6, B AC' = lSCT—A ; these 
values substituted iu eq. (2) will give eq. (1), which shows 
that it is true for the case where b is greater than 90 . 

Let us now suppose that the two 
sides b and c are both greater than 
90 J ; produce AB and AC till they 
intersect in A', which forms the 
triangle BCA' in which the angle A' 
is equal to A, and the sides // and v 
the supplements of b ami c; hy \* 
making the substitutions in this w 
case, we still find that equation (1) 
satisfied. 

Lastly, we can verify equation (li in the case where 
b = 90° and c = 90 v cither both together or separately. 

If we apply equation ( l ) to each of the sides of the triangle, 
we shall have three equations by means of which wo can 
always find any three parts wliate\er of the triangle, when the 
three others are given. Hut. for practice, it is necessary to 
have separately the divers relations which exist between four 
parts of the triangle taken in every possible manner. Thorn 
are in all four distinct combinations, which \\c proceed to 
give. 

12. 1st. Relation between the three sides and an angle. 

By applying equation (1) to the three angles, wo have 


cob a = cos b cos c -f sin h sin c cos A ( 1 ) 

cos b — cos a cos c + sin a sin r cos B CO 

cob c = cos a cos b -f sin a sin b cos C (5) 


13. 2nd, Relation between two sides and thoir opposite 
angles. 

From equation (1) we have 

cos a — cos h cos r 

COS A = : — r- t . 

sin b sin c 

1T . - , . . , (cos a — cos bconr) 1 

Ilcnce sin 3 A = 1 — cos 2 A = I — . . . 

sin 4 b »ur c 

(1 — cos 2 6) ( l — cob 2 c) — (cos a — cos h cos c )* 
sin 3 b sin* c 


A' 
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<) 

gin A y/ 1 — cos* a — cos* ?) — cos 2 c + % c os a cos A cos c 
sin a sin a sin b sin c 

We must take the radical with the positive sign, seeing 
that the angles and the sides are less than 180°; their sines 
are positive. As the second rneml>er remains constant when 
we change A and a into B and h , Ac., we have 

sin A sin B sin C 

sin a sin b sin c 

lienee in any spherical triangle, tho sines of the angles 
arc to each other as the sines of their opposite sides. 

1 1. Jlrd, Relation between the two sides and their included 
angle, and the angle opposite one of them. 

In considering the combination aj>, A,C; first eliminato 
cos c, between the equations (1) and (:i) and we have 

cos « sc cos a cos J b *f cos b sin a sin be os C 4- sin b sin c cos A 

transposing cos a cos A, and observing that cos a — cos a cos* b 
ss= cos a sin A ; and, dividing the whole by bin b sin a, it be- 
comes 

cos a sin A . sin c cos A 

— ss cos b cos C -f- v — — ♦ 

sin o am a 

but S,U C =s ~~ ; and consequently we have for the relation 
sin a sin A 

sought 

cot a sin b as cos b cog C -f sin C cot A. 

By permuting the letters, we have iu all the following six 


equations : 

cot a sin A = cos b cos C -f sin C cot A (5) 

cot b sin a = cos a cos C 4- gin C cot B (6) 

cot a sin c as cos c cos B -f sin B cot A (7) 

cot c gin * « cos o cos B 4- sin B cot C (8) 

cot b &in e as cos c cos A + tin A cot B (9) 

cot c sin b = cos A co« A 4- gin A cot C (10) 
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15. 4th, Relation between one of the sides and the three 
angles. Eliminate b and c from the equations ( 1 ) (*4) (d) : to 
do this we have by the last artielo 

cos a sin b sin c cos A 

- = cos U cos C -f , 

sm a Bin « 

. . sin h sin B , sin <• sin {' 

and suice— — = — and - 7 — = — . 

sm a sin A md a sin A 

we have 

cos a sin It as cos /> mii A ('os (' -f cos A sin (' ; 

and changing a and A into b and It, and t in rnxtt, \w obtain 

cos b sin A = cos a sin It cos C 4 - cos It bin (‘. 

Wo have only now to eliminate cos b by the two preceding equa- 

tions. We find after reduction tin* relation sought hot ween 
A B ( and a, which, applied to the three angles successively, 


will giw* the three equations 

cos A = — cos It cos C + mu H sin C cos a (11) 

cos It = — c*o^ A c«>s C -f sin A sin ( cos b ( 1 vi ) 

cos ( = — cos A cos It -f MU A sin It cos r .. (in) 


1 tj. The analogy of these equations with the fiiiidauientul for- 
mula is striking, and conducts us to a remarkable consequence. 
U i us imagine u spherical triangle A' It' ( , of which the 
sides a // c' are the supplements of the angles A, It, C ; then 
from equation ( 1 ) we shall have 

cos a = cos 1/ no r -f sin // sin // cos A'. 

Now sin a’ = sin A, cos a = — cos A. sin 1/ = sin It, Ac., then 
— cos A = cos It cos C -f sin It sin < cos A". 

From this equation we find for cos A' a value equal hut of 
a contrary sign to that which we lind for ros n in equation 
(11); then a = 1*0' — A', similarly b = 1*0 — It', and r = 
180 — (\ Hence, having given any spherical triangle, if 
we describe another triangle, the sides of which are the sup- 
plements of the angles of the first, then the sides of the first 
will be the supplements of the angles of the second, f rom 
this property the two triangle* are called supplementary, and 
sometimes the triangles are said to be polar to each other. 
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BfUElUCAL TRIGONOMETRY. 


NAPIER 8 ANALOGIES. 

17. We now proceed to deduce the formulae known by the 
name of the analogies of Napier, which are employed to sim- 
plify some of the eases of spherical triangles. 

The equations (1 ) and (*<i) give 

cos a — cos b cos c = sin b sin c eos A ; 
cos b — cos a cos c = sin a sin c cos B. 


T> .. . . , . , sin a sin A 

nv division, observing that — ■ = — , 

sin b sin B 

. cos b — cos (i cos c sin A cos B 


. i 1 1.-' u — it i mu n 

uc have , = . 

cos a — cos b cos c gm B cos A 

By Mihtrarting and adding unity to lmth sides of this equa- 

. i : . - .1 : 


tion and again dividing 


cos b — com a l -f- cos c 
i X , : 

cos (> -f- cos a 1 — cos c 

But by Plane Trigonometry, page ;H>, 

cos b — cos a 


sin (A — B) 
siu ( A -f B) * 


cos b *f cos a 


= tan 1 (n -f l) tan \ Ut — b) 

1 4- cos c* 1 


and sin (A 4- B) = sin \ (A 4- B) cos ,J (A 4- B) 

sin (A — B) ss. 2 sin j (A — B) cos | (A — B). 

Substituting these values, the aUne equation becomes 
tan <J (a 4 - b) tan J (ci — b) = 

Uu,. 1 e (* in -5 ( A - ») 4 (A - B)\ 

1 \ sin J (A + it) cos i (A + 11) ) ( ) 


and since 


sin a sm A 


v\ e have 


sin b sin B 

sin a 4 - sin b sin A 4- sin B^ 
sin <t — sin b sin A — sin B 


By Plane Trigonometry, page 30, 

tan i (* + sin 4 (A 4* B) cos 4 (A — B) 
tan 4 (a — b)~~ cos J (A -f B) sin 4 (A — • B) 
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Multiply those two equations together, and then dividing 
one by the other and extracting the root, observing that 
tan £ ( a + h) and cos £ (A 4 - B) ought to have the same 
sign, 

tan \ (a 4 - b) = tan £ c . °° S J ^ (14) 

2 * COS I (A 4- B) V ' 

1 / , sin A (A — \\) 

tan A (a — b) = tan k c . . , ( 1 0 

5 v ; 2 sin £ (A -f IM 


To apply these to the polar triangle we must replace n. /*. r, 
A, B, (.', by ISO 0 — A, ISO 1 — B, lHt» c — t\ 1 hu — I — 
and there results, 


tan £ (A 4 - B) = cot £ (’ 


cos £ I ft — />) 
cos J la 4- /'I 


( 10 ) 


tan £ (A — Bi = cot £ (' . 


sin £ i>* — b) 
sin £ \a 4 - b) 


0 ‘) 


My able and talented friend, Mr. Ileynolds of Chelsea llos 
pital, has sent mo the following \ cry neat method of deducing 
Napier’s Analogies, which In* says was coiiiniiinicatcd to him 
by Mr. Adams, the celebrated astronomer of Cumbridgo 


sm A sin B sin A 4 - sin B 

Let m — = - — : = . 

sm tt siu h sin a 4- sm b 


Then hy the formula (11) page 7, 

cos A 4- cos B cos (' = sin IS sin (’ cos a 

= tu sin (J sin h cos <*...( 1) 
cos B 4 - cos A cos C as sin A sin C cos h 

as m sin C sin a cos />...( 2 ) 


Add (1 ) and ( 2 ), then 

{cos A 4- cos »} (I 4 - cos (.') = m sin C sin (a 4 * h). 
Also sin A 4~ sin B = m (sin a 4 - siu by 

Dividing and reducing we have 
a — b 


A 4“ B C 
tan ——.tan — = 
2 2 


cos 


2 

a 4- h 

IT” 


(Anal. 1) 


u :i 
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Again, subtracting (2) from (1) 

(cob B — cog A) ( 1 — cos C) = m . sin (a — b) sin C 
and sin B -f- sin A = m (sin a + sin b ) ; 

dividing 


a-6 


tan 




n 


a -f b 
81,1 — 


(Anal. 2) 


The other two follow of course from tho polar triangle. 


ON ItKillT-ANOLEl) SFlIEKICAl. TRIANGLES. 


\H. The preceding formula 1 will apply to right-angled tri- 
angles, if wo lnako any one of the angles = 90°. 

If A = UO’ wo have 


cos a = cos b cos c... 

..(i) 



sin b = sin a sin B... 

.. (■■;) 

sin c = sin a sin C... 

... (7) 

tan b = tan a cos C... 

.. (SI 

tan c = tan a cos B... 

•••(»> 

tan b = sin c tan B... 

.. U) 

Lin r = sin h tan C... 

...(0) 

cos B s=c sin ( cos b... 

.. 

cos (’ = sin Bros c... 

...(10) 

cos a as cot B cot ('. . . 

•• (•’») 




These six independent formulas are all adupted to logarith- 
mic calculation. 

The first gi\es a relation between the hypothenuse and tho 
two sides containing the right angle; the second, one side 
and angle opposite ; the third, between the hvpothenuse, a 
hide, and the adjacent angle ; the fourth, between the two 
hides and tho angle opposite to one of them ; the fifth, be- 
tween one side and the two oblique angles; lastly, the sixth, 
between the hvpothenuse and the oblique angles. 

1 9. Tho formula ( 1 ) requires that cos <* must have the aanio 
sign as the product cos /* cos c, or that the three cosines must 
be positive, or that only one must la so. Therefore iu any 
right-angled spherical triangle the three sides must be less 
than 90^; or two of them must be greater than 00°, and the 
third less. The formula (4) shows that tan b has the same 
sign as tan B. and tan c the same sign as tun C. Therefore 
each aide containing the rig'bt angle is of the same kind or 
affection as the angle opposite, that is, the angle and the side 
are both less than 90° or both greater. 
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NAT1ERS CIRCULAR TARTS. 

iiO. As we have before observed, the above formultc are simple 
and well adapted for logarithmic computation, vet they are 
not easily remembered ; therefore it is of importance that we 
should have some method which will relieve the memory as 
much as possible ; this is supplied l»v what is termed Napier's 
Circular Parts. By committing to memory the two rules 
which will he given hereafter, the student will he able to 
solve all the cases in right-angled triangles, as well as if ho 
had all the formula' by heart. 

The circular parts of a right-angled spherical triangle uro 
five, namely, the two sides, the complement of the hvpothe- 
nuse, and the complements of the two angles uhe right angle 
being always omitted). 

Three of these circular part % besides the right angle, enter 
every proportion, two of which are given, and the third 
sought. 

These three parts are named from their positions with 
respect to one another, that is, according as they are joined 
or disjoined, observing that the right angle does nut separate 
the sides. 

If the three circular parts join, that which in in the middle 
is called the middle part, mid the other two uro called ex- 
tremes conjunct. 

If the three circular parts do not join, two out of the live 
must, and that part which is separate or alone is the middle 
jxirt. and the other two are called extreme* disjunct 4 . 

These things being understood, the following is the general 
rule. 

The tine of the middle part it equal to the product of the 
tangent $ of the extremes conjunct 

* Thus, if in figure pge 12 we suppose BC, th«* angle B, end the 
tide A B to be the quantities that are to lx* us*-d ; now a# they lie all toge- 
ther, the angle B it the middle part, and the two ude», U C and A B, are the 
extreme* conjunct. Alto, if the angle B, All and AC lx* the quantities, 
then since the right angle does not separate the tidee, A B it the middle part, 
and the other two elements are the extreme* conjunct. But if the quan- 
tise* be A C, B C and the angle B, then the angle 0 i» said Vi separate A C 
from B (\ and the side A B it said to separate A C from the angle B, that 
part A C which is separated from both the others, call the middle part, and the 
pans which art disjoined from it call extremes disjunct This practical me- 
thod will he useful to seamen, and requires very little effort of memory. 
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The sine of the middle part , is equal to the product of the 
cosines of the extremes disjunct. 

From these two equations, proportions may be formed, ob- 
serving always to take the complements of the angles and 
kypothenuse ; and that the cosine of a complement is a sine, 
and the tangent of a complement is a co-tangent, and vice 
versd . 

21 . Case 1. When the hypothenuse B C 
and the base A B are given to find the 
remaining parts of the triangle. 

Let us first proceed to find AC. 

Here the hypothenuse and the two 
bides are the three circular parts. 

Tho hypothenuse being separated or disjoined from the 
sides it is tho middle part, and tho sides arc the extremes 
disjunct. 

Then sin B C = cos A B cos AC. 

And since wo must always take the complements of tho 
hypothenuse and angles, this becomes 

cos a as cos h cos r. 

Now, us this agrees with equation (1), the rule is proved 
in this case. 

To find the angle B. 

Here the three circular parts all lie together, taking B 
to be tho middle part, then A B and B C are adjacent parts, 
or extremes conjunct. 

siu B ss tan B C . tan A B ; 
taking the complements of B and BC, we have, 
cos B as cot a tan r, 

which corresponds with (8), and therefore tho rule is proved 
in tliis case also. 

To find the angle C. 

Here the side A B is separated from the hypothenuse by 
the angle B, and it is separated from the angle" C by the side 
AC, then A B being the middle part, the kvpothenuse and the 
required angle are die extreme or disjoined parts. 

siu A B = cos B C cos C ; 
taking die complements of BC and C, 
sin c as sin a sin C. 

This agrees with (7), and therefore proves the rule. 
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2*2. Case ‘2. Given the two sides b , and r, which include the 
right angle, to find the hypothenuse and the angles. 

1 . To find the hypothenuse. 

As the two sides are separated from the hypothenuse they 
will be extremes disjoined, the hypothenuse being the middle 
part ; 

sin B C = cos A B cos A C ; 

taking the complement of B C, 

cos a = cos b cos c ; which is the same as equation (1 1 ; 

cos a 

cos c = • 

cos 0 

To find angle C. 

Since the right angle A does not disjoin, tlie three parts all 
lie together, hence AT being the middle part, AB and angle 
V are the adjacent parts, or extremes conjunct. 

sin At = tan A B . tan C ; 
taking the complement of C, 

sin b = tan c cot c ; which agrees with (0) ; 

tan c 

or tan C = - — . 

bill o 

To find the angle B. 

The three circular parts all lie together again, AB being in 
the middle; calling it the middle part, then AC and angle B 
will he extremes conjunct. 

sin AB = tan AC tan B ; 
taking the complement of B, 

sin c = tan 6 cot B, which agrees with (4) ; 

tan b 

or tan B = -- — 

. SHI C 

23. Case 3. Given the hypothenuse a and angle B to find 
b , c\ C. 

1. To find AC or b. 

As AC is separated from the hypothenuse by the angle C\ 
and from the angle B hy the side AB ; calling AC the middle 
part, then BC and angle B are extremes disjunct. 

sin AC = cos BC cos B ; 
taking the complements of BC and C, 

sin b =b sin a sin B, which is the same as equation (2). 
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2. To find AB or c. 

Here the three circular parts all lie together, and AB in the 
middle ; calling it the middle part, then AB and BC will be 
udjaceut parts, or extremes conjunct. 

sin B = tan AB tAn BC ; 
taking the complements of B and BC, 

cos B = tan c cot a ; 

tanc = ** s=s cos B tan a, which agrees with equ. (8). 

cot a 

51. To find 0. 

Here the circular parts lie all together, the hvpothenuse 
being in the middle; call it the middle part, and the ungles 
B and C will be adjacent parts. 

sin BC = tan B tau (* ; 
taking the complements throughout, 

cos a = cot B cot C ; 

cot C = — — = cos a tan B. which agrees with equ. (b). 

iM. Cask 1. Given the aide AC or f> and the opposite angle 
B to ii mi a, r, C. 

1. To find the hvpothenuse BC or a. 

Here h or AC is separated from the hvpothenuse by the 
angle C. and from the angle B by the side AB: calling then 
AC the middle part, the angle B and the hvpothenuse are 
the extremes disjunct. 

sin AC sas cos BC cos B ; 
hiking the complements of BC and B, 

sin b = sin a sm B which agrees with equation (^). 
sin l 

sin a = . 

sui B 

g. To find c. 

As the right angle does not disjoin, c lies in the middle 
between b and B ; culling it the middle part, b and B are the 
extremes ooujuuct. 

ain C sc tan b tan B ; 
taking the complement of B, 

sin c sst tan b cot B, which agrees with equation (4). 
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3. To find C. 

Here the angle B is separated from c by the by]>othcnu#»<\ 
and it is separuted from A by tho side AB; calling it the 
middle part, 

sin B = cos A cos C ; 
taking the complements of B and C, 

cos B = cos b sin C, which agrees with equation (5). 

cos B 
sin C = -• 

(‘OS b 

There is here an ambiguity, since each quantity is deter- 
mined by its sine, and we see that this really ought to be the 
case. in fact, if the triangle BAC (tig. p. 12) right-angled at 
A, satisfy the equation ; produce BA and BC till they inter- 
sect in I), then take DA' = BA, and I)C' = BC, the triangles 
BAC, DA'C' will be equal in all respects, then the angle A is 
a right angle, and f 'A' = CA = A. Thus the triangle BAT/ 
is right angled, and contains also the given parts Band A; 
we can therefore take at will a< W) , or A > MV', but when 
the choice is once made the affection or species of r will ho 
determined bv the equation cos a = cos A cose, and that affec- 
tion will be the same as that of C. There will he only one 
triangle which 1ms two right angles when A = B, and none 
when we have sin A >sin A. 


25. Cask 5. Given the side A and the adjacent angle C, to 
find a, c, B. 

I. To find tho hvpothenuse a. 

Here the parts all lie together, the angle ( being in the 
middle; call it the middle part, then AC and BC are the 
extremes conjunct. 

sin C = tan AC tan BC ; 
taking the complements of C and BC, 

cos C a* ton A cot a ; which agrees with equation (3); 

tan A 

tana = — -• 
cos t 

2. To find AB or c. 

As the right angle does not disconnect, AC is the middle 
part, and AB and angle C are the extreme* conjunct. 

•in AC as tan AB ton C ; 
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taking the complement of C, 

sin b sss tan e cot c ; 

tan c = = sin b tan C, which agrees with equ. (0). 

cote 

3. To find the angle B. 

Since the angle B is separated from l by the side AB, and 
from the angle C by the hypothenuse BC; calling it the 
middle part, then AC and the angle C are the extremes 
disjunct. ♦ 

sin B = cos AC cos C ; 
taking the complements of B and C, 

cos B = cos b sin C, which agrees with equation (5 ). 

Here a, c and B are found without any ambiguity. 

‘i(5. Cask 0. Given the two oblique angles B and C to find 
a , h , r. 

1. To find a or BC. 

Here a, B and <’ all lie together, a or BC being in the 
middle; call it tho middle part, then B and C are the 
extremes conjunct. 

sin BC =b tan B tan C; 
taking the complements of the whole, 

cos a = cot B cot C, which agrees with equation (0). 

ii. To find h or AC. 

Here B is separated from C by the hyjvothenuse BC, and it 
is separated from AC by the side AB; calling it the middle 
part, then the tingle C and AC are tho extremes disjunct. 

sin B = cos C cos AC ; 
taking the complements of B and C, 

cos B s= sin C cos b, which agrees with equation (5). 

3. To find c or AB. 

Here the angle C is separated from AB by the side AC, 
and from the angle B by the hypothenuse BC ; calling it the 
middle part, then AB and the angle B are the extremes 
disjunct. 

sin C as cos AB cos B ; 
taking the complements of C and B, 

cos C * cose sin B, which agrees with equation (10); 
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COR C 

cos C = -T — . 
sttl B 

These values leave no ambiguity, and if the triangle is 
imj>ossihle they will show that it is so. 

‘^7. When a triangle is isosceles, the two equal sides are only 
counted as one element, and the angles which are opposite to 
them also as only one element. Now, if wo druw the arc of 
a great circle through the vertex of the triangle and the 
middle of the base. we divide it into two right-angled tri- 
angles, equal in all respects, and in each of which we know 
two elements besides the right angle, then the isosceles 
triangle can be solved by the formula? for right-angled 
triangles. 

‘*JH. If in a spherical triangle ABC, in which we have a -f- /> = 
1^0°, produce a and c till they intersect in I>, we shall have 
o-4-CD=l*0 J , hence Cl>=/»; therefore, 
the solution of the triangle ABC i* brought t , " ’u 

to that of the isosceles triangle ABC. 

The same thing may he said of a A 

triangle, in which two angles are the n 
spherical supplements of each other, for 
we cannot have A -f 11=180 without ut the same time having 
A -+-11= 1*0 and tier versa. In fact, in the isosceles triangle 
ACI>, the angle CAI) = I> = B. Now, < AD + C AB = 1 SI) ; 
then also, in the triangle ABC we ought to havo A -+- 0=1*0'. 
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CHAPTER II. 


SOLUTION OE OBLIQUE ANGLED SPHERICAL TRIANGLES. 


yfl. Cake l. Givcu the three sides a , b , c to fmd the angle* 
A, B. C. 

To lind A, we have by equation ( 1) 

co* a — cos b cos v 
siii b sin c 

hut wo obtain an expression hotter adapted to logarithms by 
finding sin A, cos ^ A, Ac., as in Plant' Trigonometry. 

Since ‘4 sin* * A = 1 — cos A, we have by substituting the 
ubovo value of cos A, 

, „ . coho — cos/' rose 

snir i A as 1 — - 

sin b siu c 


____ cos h cos c -f sin /; sin c — cos a 
sin h sine 

coh (/> — r) — cos a 
sin b sin r 

(by equation (8) page JU>, Plane Trigonometry.) 
sin i (a 4- /> — r) sin ] (<i — b 4- c) 
siu b fin r 

. . . / sin A \a 4- b — cjsin A {a — /> -p ci 

MU i A = A / * • 

V siu r> sm e 

Tor the sake of abridgment, put a -f -f c = ‘4#, and the 
precoding expression Incomes 

^ sin i* — b) sin ij — c) 


sin A as ,y 
In the same way 
cos A 


sin 6 sin < 


, /sin a sin i * — a > 

u- v — ■- 


sin /> sin c 


tan 4 A 


V siu (s — />) sin 1 1 
sin i sin (s — 


!« — <•) 

o) 
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00. Cask 2, Given the two sides a, b . and lb© angle A oppo- 
site to one of them, to tind c, B. C. 

We obtain at first the angle It oppoaito to b bv tho 
proportion 

sin a : sin l : : sin A : sin B ; 

sin A sin b 
sin B s= r 

sin <i 


It will be best to determine c and C by Napiers Analogies, 
which give 

. , . , , . sin ] ( A -f B) 

tan A c = tan i (a — b . . f; 

9 9V sin J (A — B) 

. , sin A (a -f b) 

cot i v = tan A (A — Ft) . ; 

sm \ \a — b) 

As the angle B is determined by its sine, it can either he 
acute or obtuse. However, for certain values of the given 
quantities a, b. A, there will bo only one triangle. We may 
refer back to the similar case of plane triangles, we can thus 
find C in a direct manner by the equation 

cot A sin V -f cos b cos (' = cot a sin b. 

To effect this, let us at first determine an auxiliary angle 
by pulling cot A =s cos b cot p, from whence we have 

cot A 

cot p = r : 

cos 0 

con b c os p 

then in the equation (o), p. f , cot A =cos l cot $ = ^ ^ , 

the equation becomes 

co* b (sin C cos p -f cos C sin p) = cot a sin b sin p , 
from which we find 

tan h sin p # 


hUl<C + $) = 


tan a 


hence C -f p is determined ; let C -f P * And we have 
C = to — p. 

After haring found C t we obtain the side c by the proportion 
sin A : sinC ; : sin a : sine. 

But if we wish to find c directly, we must refer back to 
equation (l)» page 5, 

cos b cos c -f cos A sin b sin e *» cos a. 
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This may be reduced in the same way as the equation 
above, by using an auxiliary angle p, putting cos A sm b =s 
cos b cotp, from whence we have 

cot p = cos A jtan b ; 
consequently, the above equation becomes 

cos b (sin p cos c -f cos p sin c) = cos a sin p , or 

. , , . cos a sin P 

sin (c + p) = — . 

cos b 

Having found p, we can easily find c. 

51. Case 3. Given the two sides a and b and the included 
angle 0 to find A, B, c. 

The formuli© (5) (0), pago 0, give for A and D 
cot a siu A — cos A cos C 

cot A = 

sin C 

cot A sin a — cos a cos (’ 


tan i (A — B) 


By employing auxiliary angles it is easy to reduce each nu- 
merator to a single quantity, but is is more simple to recur 
to Napiers Analogies. 

, , , cos 1 (<j — A) 

tan A (A -f B) = cot \ <’ 2 

cos A [a + A) 

, , sin A (a — A) 

tan A { A — B) wt cot it'..: 

5 ' * sin i (a -f A) 

which give (A 4- B) and i (A — It), consequently by adding 
and subtracting we find A and B. 

The angles being found we obtain c from the proportion 
sin A : sin t’ : : sin « : sin c ; but if we wish to have c directly 
wo must take the formula, page 5. 

cos c a= cus o cos A «+• sin a sin A cos C ; 

, . , , cos A cos p 

in which if we make sin 6 cos C a — — 

sin p 

3= cos A cot P, then it becomes without any ambiguity 

, cos A sin (a + p) 

cot tan A cos C, cose= -- - — * 

sm p 

54. Cask 4. Given the two angles A and B, and the ac- 
cent side c, to find a, A, c. 


in which if we make siu A cos C j 


cot psstan A cos C, cos c = 



We can find a and l by the formulae (7) and (9), page 0, 

cot A sin B + cos B cos c 
cot a = 


cot b = 


sin c 

cos B sin A -f cos A cos c 


sin c 

and better still by Napiers Analogies, 


tan ^ (a 4* b) = tan \ c . 
tan \ {a — &) = tan | c . 


cos 4 (A — B) 
coTJ"(aTb) 
sin | (A — B) 


sin £ (A + B) 

These equations determine J ( a + 6) and J (« — £), and 
from which, by adding and subtracting, we finif a and b. 

We can now find C by the proportion 

sin a : sin c : : sin A : sin C, 

or we can find C directly by making use of the formula, equa- 
tion (13), page 7, viz., 

cos C = sin A sin B cos c — cos A cos B, 

If we put sin B cos c = cos B cot p, it will become 

^ cos B sin (A — c) 

cot p = tan B cos c, eo* f = 

bin p 

This case is analogous to the third case, and offers no am 
biguitv. 

33. Case 5. Given the two angles A and B, and the side « 
opposite to one of them, to find b, c, C. 

This case is quite analogous to the second, and is treated 
in the same manner, and has the same ambiguities. 

We deduce b from the proportion 

sin A : sin B : : sin a : sin h , 
and we find c and C by the formula? already employed, 

sin {(A + It) 

‘ ' ‘ sin * (A — It)* 


tan J c=tan | (a- 


, , , sin J in + b) 

cot l C=Un B) . . : ' . • 

1 2 7 sin l (a — b) 

The side e can also be obtained by equation (7), 
cot a sin c — coe B cos c * cot A sin B, 
in which we make cot a as cos B rot P 
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cot a . , x ten B sin p 

cot p =» — - , sm (c — p) = — ~ ~ 

cos B 7 tan A 

Lastly, wo can find (I, for sin a : sin c : : sin A : sin C, oi 
better by means of the equation, 

cos a sin B sin C — cos B cos C = cos A, 
we reduce the first member to a monomial by putting 
cos a sin B as cos B cot from whence we have 


cot p a= cos a tan B, sin (C — p) ss 


cos A sin 0 


these values determine C — nnd consequently the angle C 

31. Cask 0. Given the three angles A, B, C, to find the sides 
a, b , c. 

This case is solved in a similar way to the first. 

Jly page 7, equation (11) 

cos a -f cos B cos C 
cos a ss » 

mii B sin C 

and by the same method, as used in the first ease, 

, / sin S sin (A — 8) 

mu i = n a / — V . 

V Mill B Mill c 

cos J<s A / • MU (<•'- S) 

V sin B sin 

. , / sin 8 sin (A — 8) 

tan A <i = a / ~~ - , 

V bin (B — 8) Miu (C — 8) 

By using the polar triangle in Case 1, we have 

. / — cos 8 . cos ( 8 — A ) 

wu k a as A / — . — - 

V sui B bin l* 

cos' a « A 5 

V' bin B sin C 

tuiac a/~ , ‘ OSS WS (S ^ . 

V coe (S — B) cos (8 — C) 

The first and last of these appear under an impossible 
form, but aince 8 is always greater than 90 and less than 27 n, 
the cos 8 is always negative, and therefore makes the quan- 
tity under the nuiical always putative. 
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OK THE AMBIGUOUS CASE* n|' Sl UFRU AI. TRIAKGLEM. 

55. The only case* in which there is any uncertainty are the 
second and fifth. We proceed to show in thin article what 
conditions are necessary that there may he two solutions, or 
only one, or even when the triangle is impossible. 

I #et m consider ujkhi a sphere a semicircle DCD' peq*ru* 
dicular to a whole circle Dili)'; take 
Cl) less tlum 90°, Hnd draw the arcs of ' ^ 

gmit circles C 11, l B\ C II . from / \ 

the point C to the different (Hunts of 
the circumference D III)'. Produce CD, s 

making C'P s* C I>, and join CD The V )\ J 

triangles C P B, C' D B have a right angle it ** jP # 

con tamed between the equal sides, 1 \ 

therefore CB = C'B. Now we have 

< PC'< ( II 4 nr', therefore < D< ( II. 

Hence, in the first place, the arc C D is the least that we 
ran draw from the point (' to the circumference DUD'; und 
cons»*quently CP' i«> the gnatest. 

Let PD' = DB : then in the two triangles ( I>B and (’ DB' 
have the two sides CP, ( B and tie* right unglo CD It of tin* 
om*, equal to the two sides ( D, DB, and the right angle 
CDB' of the other, hence ( If = < B. Therefore, in the 
second place, the oblique arcs equally distant from CP or CD' 
are equal. 

Loath’, let DU >DB; draw C'H and produce CB till it 
intersects C'H in I. Then, since the arc CC' is less Own n 
semicircle, it will meet CB produced beyond the j*>int (/ ; 
this requires that the intersection I fulls' between II and 
We have therefore C B < C l 4- IB, and consequently C'B 
*f*Bi < (’ I + If But we have 1C< III 4- II C. and there* 
fore C'l 4- 1C< C'H 4* II C; hence, a fortiori, C'B + BC 

< C'H 4- II C. Now, C'B ® BC and C II = HC, therefore 
we have BC < HC. Consequently, in the third place, the 
oblique arcs are greater the farther they are from C D # or the 
more they approach C D', 

Now, suppose we have to construct a spherical triangle, the 
given quantities being a, b . and the angle A opposite to a. 

We may at first remark that certain owes of impossibility 
are indicated even by the calculation. To show this, 
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the angle CAB = A and AC = A. produce AC and AB till 
they intersect in E, then let fall the perpendicular C D upon 
AE. 


The arc CD ought to he of the same affection or species as 
i s' * 


the angle A by Art. 10; then, when A is acute, CD is the 
shortest distance from the point C to the serni-circumfercnee 
A K, and it is the greatest when A is 6htu.se. 

In the first hypothesis the triangle will he impossible if 
we have a < Cl>, which gives sin a < sin Cl); nnd in the 
second it will he impossible if we have a > CD, which gives 
again sin A > sin CD. 

Now, in the right-angled spherical triangle ACI), we have 
sin CD = sin A sin A ; 


then, in both hypotheses we shall have sin a < sin/* sin A. 
On the other hand, when we seek the angle B of the unknown 
triangle ACB, we have 

_ sin A sin A 

sm B = ; 

sin a 


then this value of sin B will he > 1, which is impossible. 

If we have a = CD, there will bo only one right-angled 
triangle. ACD. which will he jmssihle, and it is that which 
again indicates the value of sin B. which becomes sin B = 1. 
It is understood that the angle A is not equal to DO 

Let uh now examine the different relations of magnitude 
which the given quantities a, A, A can present. 

I^et A < BO* and A < BO"* (tig. p. 2:1). Since A and A 
are < BO°. A 1) is also < BO"’ by Art. IB : then A I) < D E ; if 
now we have besides n < A, it is clear that we can place 
between C A and C D an arc C B = a, and that on the other 
aide, between C D and C K, we can put another OlC= CB = 
a : that is to say. there arc two triangles ACB and ACB' 
which have the same quantities given, viz., <i b A. 

When a = A, the triangle ACB disappears, and there re- 
mains only the triangle ACB'. 

When i -f A= 180, or when a~f A > 180, the point B' 
coincides with E, or passes beyond it, and theu no triangle 
can exist. 
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We can discuss in the same manner the other hypotheses. 
The results are all contained in the following table. The 
sign > signifies equal to or greater than ; and the sign < 
signifies equal to or less than. 

( a < b two solutions. 

b < 00° < a > b ono solution. 

( <* 4* b > 1 80° no solution. 

. o /|0 J ( a b < two solutions. 

^ 90° «< a f /»> 180 1 oue solution. 

( a > A no solution. 

jl ( a < b two solutions. 

( no solution. 


b > 90° 


1 < 
^ £ = 90° | 


A = 90 °1 A >90 


( a + A > 1 SO 0 
<1 + A < |H(|’ 

l «<<- 

( a > A 

< a < A 

I <i + A< 1«0 ; 
I a > A 
\ a <A 

( a > A 

< “ < 

l a + A > A 
( a < A 
< a > A 
( a + A< IPO’ 


. = 90’ | 


two solutions, 
one solution, 
no solution. 

two solutions, 
one solution, 
no solution. 

two solutions, 
no solution. 

ono solution, 
no solution, 
no solution. 

one solution, 
no solution, 
no solution. 

solutions ad infinitum. 


a < or > 90° no sol ution . 


By the properties of the polar triangle, we can apply the 
molts to the fifth case, where A, B, a, are given, only taking 
care to change a, 6, A into A, B, a, the sign > into < f and 
the sign < into > . 

When the given quantities fall in a case where we ought 
to have only one solution, the calculation will still indicate 
two. But to discern which ought to be taken, it is sufficient 
to observe, that the greater angle must be opposite to the 
greater side, and conversely. 

See Lefebure De Fourcy'% Trigonometry . 
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Suppose, for example, that we have given An 1 12°, a **102°, 
b «* 100°. In the preceding table, among the cases which 
correspond to A > 90°, we consider that where 6 > 90°, and 
among these tliat where a < h . We may observe besides, that 
a -f- A = 208°, therefore a + A > lHO°, we conclude from the 
table tliat there is only one solution, and since b is > a, the 
ungle It is greater than A, therefore B is obtuse. 


TO RKDt’CE AN ANGLE TO THE HORIZON. 


HO. Let BAC he an angle in an inclined plane, and A I) the 
vertical passing through A. Draw the horizontal plane meet- 
ing the lines All, AC, AD, in K, F, O ; the angle EOF is the 
horizontal projection of the angle BAC, or, in other words, it 
is the angle BAC reduced to the horizon. It is this angle 
EFO that we have to calculate, supjKming the angles BAC, 
BAD, CAD, to have been determined by an instrument. 

The geometrical construction is easy, for the lino AO being 
arbitrary, we shall have sufficient quantities given to con- 
struct at first the right-angled triangle, EAO 
and F A Cl, then the triangle K A F. and. lastly, 
the triangle EOF. The calculation of the 
angle EOF is equally easy. If we describe a 
sphere from the centre A with any radius, the 
hues AB, AC, AD, where they meet the i 
sphere, will determine a spherical triangle 
BCD, of which the sides arc Known bv means 
of the given angles, and of which the angle 
BI>C of the triangle is equal to the required angle EOF. 

Then by the llrst case of oblique-angled spherical triangles, 
page 18, wo have 



sin i A 


/ sin (i 


b) sin (f — C) , 
sm l sin c 


where #«■ BAC; 4-.BAD; cmCAD; *-=Ua+l + e). 

Let «-47° 45' SO”. 6*6 O 3 40' 10” r«80 s 17' 86". We 
slmll have a *= 1 07° 63' 31", «=98 s 60' 17”; »— i-»8# c 6' 66"; 

,-f=l»*38' 11” 
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}og«in(«-M 0'fl£7ir»53 

log sin 1**5047112 

comp. log sin /* o-OviT 

comp. log sin c 0 0002(1211 

2 log sin k A 111*2250005 

log sin | A lMUlltffthl 


4 A =s 21° 12'27"*0, or A«=48 S 24'DG". 

• C 1T. The following properties of spherical triangles we shall 
premise before entering on the numerical solution of tri- 
angles. 

Any side of n spherical triangle is less than n semicircle, 
and any angle is less than two right angle*. 

For the limit of anv plane angle i«. two right angles, and 
this i* also the limit of any plane faee of a solid angh*. 

'Hie sum of the three tingles is gr< liter than two right 
angles and less than six right angles. 

If the three sides of n spherical triangle he equal, the three 
angles will also be equal, and t ire n n/i. 

If the sum of anv two sides of n spherical triangle be equal 
to l*(F, the sum of their opposite angles will also be equal to 
IMP, and ric? rrnd. 

If the three angles of u spherical triangle be nil acute, all 
right, or all obtuse, the three side* will be accordingly all less 
than IM) , all equal to 00 , or all greater than IMF. and fire 
rrod. 

The sum of nnv two sides is greater than the third aide, 
and their difference is less than the third side. 

The sum of any two angles i* greater than the supplement 
of the third angle. 

The sum of the three bides in less than the circumference 
of a great circle. 

If any two sides of a triangle he equal to each other, their 
opposite angles will be equal, and rice irrtd. 

fcimee 

cos o — cos h cos e 

COS A sat — r - , 

am o bin c 

co* h — cos a cos t 

c S B = 7™ r~ . 

stu a sin e 

r 2 
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t co~ a — cos ft cos c 
If b = a, these expressions are each B in asinc 

cos A «== cos B or A = B ; 

that is, the angles at the base of 

an isosceles triangle are equal, / 

and the converse of this holds / \ X. 

also. From this it is easily shown / \ N. 

that the greater side of a sphe- J \ X c 

rical triangle is opposite the j 

greater angle, for let A B C be ~~ D ~ 

groater than V A B, and make the angle A B D equal to tho 

angle D A B ; . . l> A = D B. 

AC = A I) + DC = DC + P B, but DC *f D B > B C 
. . A C >BC. 


ON THE NUMERICAL SOLUTION OF RIGHT-ANGLED SPHERICAL 
TRIANGLES. 

38. When the hypothenuse and one side are given. 

Ex. 1. Given the hypothenuse BC = 03° 56* 7", and the 
side Al) = 40°, to find the remaining parts of the triangle. 

To find tho other side. A C. 

Here the hypothenuse and the two sides are the three cir- 
cular parts. 

The hypothenuse being separated or disjoined from the 
sidos by the angles is therefore the middle part, and the sides 
the extremes disjunct. 

ain B C as cos A B cos A C ; 

taking the complement of hypothenuse as directed by the 
rule, 

cos BC = cos A B cos A C; 
log cos B C ** log cos A B + log cos A C — 10 
log cos A C = log cos B C — log cos A B -j- 10 
s=s log cos 63 3 56' i "—log cos 40° + 10 
= 9*04*28404 — 0*8842540+ 10, 

« 0*7585024 ; 

. . A C a 54° 59' 50"*6. 
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The side AC ii acute, because the hrpothenuse and the 
given side have the same affection. 

To find the angle B. 

This angle connects the hypothemiso and the given aide* 
and is therefore the middle part, and the other the extreme* 
conjunct. 

•\ sin B 5 = tan A It . tan IK' ; 
taking the complements of the angle and hrpothenuse, 

(ms B = tan A I) . rot JIT ; 
log cos B = log tun A It ~f log rot B (’ — 10 
as log tan 4<» r -f log cot 08 ft 8' 7" 

B B*B*2:iAl:kft4-0’BHBA'dftM— 10 
ss 9 013*4393; 

b = oft -i tv 

The angle B is acute, as the hy]»othcmise and given side 
are of the name after t ion. 

To find the angle < . 

Here the side A It is separated from the hvpothenuse by 
the angle B, and it is separated frtii n the angle (’ by the side 
A C ; take it to be the middle part, then IJC and the angle A 
are extremes disjunct. 

sin A B = cos BC . ros r ; 

taking the complements of hypothenuse and angle r, 
bin All = sin BC sin C ; 
log sin AB = log sin BC -f log sin < — 1 <>, 

log sin C bs log sin A B — log sin BC + lu 

= log sin 40’ — log sin 83' ftfV 7" + 10 
«=9*608(>675 + 0*0405794 by taking comp. log. 

63° 50' 7"; 

« 9 6546409 ; 

C sb 45° 41' 2i". 

The angle C is acute, the hypothenose and given side being 
of the same affection. 
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When the tiro sides are given. 

Given the side A C = 52° 10', and the side AB * 43° 17', 
to find the remaining parts. 

To find the angle It. (See tig. p. 12.) 

An the right angle does not disjoin, AB is the middle 
part, and tho angle and side A C are extremes conjunct. 

»in Alia tan B . tan A C ; 
taking tho complement of B, 

bin AH a cot B tan A C ; 
log cot It xs log sin AB — log tan AC -f 1° 

S3 9-8278*40 + 10 — KC1 1057KB 
= 0 7 1711057, which is the log cot 02° 27' ; 

B =r 02 27', 

which is acute, like its opposite side. 

To find tho angle C. 

Hero AC is the middle part, and the angle C and AB ato 
extremes conjunct. 

sin AC =x tan A 11 tan C ; 
taking the complement of C 

sin AC sb tan AB cot C ; 
log cot C = log sin AC — log tan AB *f 10 
= 0*897810;j — 9*0587542 + lo 
= 9*9000501, which is the log cot of 49°. 
Tho angle is acute like its opposite side. 

To find tho hypothenuse BC. 

The hypothenuse being separated from the sides by the 
angles, it is tlio middle part, ami the tide* are the extremes 
disjunct. 

sin BC = cos AB . cos AC ; 
taking tho complement of the hjrpotbenuso, 
cos BC = cos AB cos AC ; 
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log eat BC « log oo« AD -f log cot AC — 10 

= 0*601301 4 0 7^7‘>ni7 - 10 
=0 65636 13, which is the cobino 62° 31', 
which is less than 00 AC and BC Wing aliko. 

When a tide and its opposite angle are giren , 

Given the side AC = 55°, and its opposite angle It = 
65" 46' 5", to find the remaining parts of the triangle. 

To find the other angle l\ 

Here H is the middle nart, Wing separated from AC by 
AH, and from the angle C by HC ; 

. AC and C are tne extremes disjunct. 

sin It =* cos AC cost’ ; 
taking the complements of B and C, 

cos It as cos AC bin t ; 

Jog sin C = log COb It — log cos AC 4 1 U 

= 001344O7 4 comp log 0 ‘4 41 40*7 •-} 10 
ss 0 SO 10 404 = log bin 45 4 1' 41", 

• c a>45°4ri. > r / . 

The angle C is amhignous ; as it cannot W determined by 
the data alone whether, AB, C, and BC are greater or less than 
06. * 

To find the aide AH, 

Here AB is the middle part, AC ami It the extremes 
coiyunct. 

sin AB *■ tan AC tan B; 
taking the complement of B, 

bill AB as tan AC cot B ; 
log sin AB ss log tan AC -4- log cot B — 1 0 
3 = 10 1547734 4 *2*6534076 — 10 
ms 08080708, which is the sin 4tf ; 

/. AB as 40°. 
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The side AB is also ambiguous for the tome reason as 
above. 

To find the hypothenuse BC. 

The side AC is the middle part, and BC and B are the 
extremes disjunct. 

sin AC sc cos BC . cos B; 

taking the complements of hypothonuse and angle, B, 
sin AC = sin BC sin B; 
log sin AC r= log sin BC -f log sin B — 10 
log sin BC rr log sin AC — log sin B + 10 
= 91M30645 + 0 0400568 + 10 
= 0-9534213; 

BC as 03° 56' 7". 

lf'/ien a side mid its adjacent angle are given. 

Given the side AC = 54' 46', and its adjacent angle 47°56', 
to find the remaining parts. 

To find the side A B. 

Here the circular parts all lie together, hence AC is the 
middle part, and AB and C the extremes conjunct. 

sin A C ss tan A B tan C ; 
taking the complement of C. 
sin A C = tan A B cot C ; 
log A C = log tan A B + log cot C — 10 
log tan AB s= log sin AC — log cot C -f 10 
* 9 9121207— 9*0554535 + 10 
= 9-9566672 which is the tangent of 42° 8' 46"; 

AB * 42° 8' 46" 

which is acute, like its opposite angle. 

To find the angle B. 

Here B is separated from the two given quantities; calling 
it the middle part, then AC and C are the extremes disjunct. 
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gin B rs cm A C cos C ; 
taking the complements of B and C, 

cos B = cos AC Kin C; 

log cos B = log cos AC -f log sin sin C — 10 
= 9 -761100:1 + 0 S7O0IT0 — 10 
= 9 6317242, which in cm 04 OS' 31"; 
b = or as' :u". 

To iitid the hypothenusc nr. 

Here the circular jmrU all lie together, and C being in the 
middle, is the middle part, and BC and AC the extremes dis- 
junct. 

Kin C as tan BC tan AC; 

taking the complements of the hypothenusc and of angle C, 
cos C = tan A C cot BC , 
log cost’ = log tun AC -f log cot BC — in; 

log cot BC = log cos C — log tan AC -f IO 
= ll-H‘2007 1 r# — IO*1MOI45 + 10 
= 9*(J75057o t which in the cotangent of 
04 lo' it t" ; 

.*. BC as 04 40' 31". 


QUADRANTAL TRIANGLES. 

39. Quadrantal triangles can be solved by the same rules as 
right-angled triangles for using the polar triangle; we sec that 
since one side is a quadrant, and that in the polar triangle 
A'= 1*0 — a, 

A' =s 1*0° — 90’ = 90. 

In the polar triangle, since A' = 90, we hare by the eqtia 
tions, page 10, 

cos a' = cos b' cm <? • 

sin V sbs sin «' sin B' sin if = sin o' sin C/ 

tan bf sss tan a cos C' tan c = Un a' cos B' 

r. i\ 



31 


SPHERICAL TRIGONOMETRY. 


tAn V = sin <? tan B' tan c' = sin V tan C' 

cos B' = sin (/ cos V cos C' =* sin 3' cos d 

cos o' = cot B' cot c, 

From these by substituting those values 

rt'ts 180° -A; // a 180° — B ; c' « 180° -C; 

A' = 180° — « ; B' = 180° — b ; C' = 180° -c; 
we get these results, 

cos A s=s — cos B cos c 

sin B = sin A sin b sin V = sin A sin b 

tan B ob — tan A cos c tan C a=- tan A cos b 

tan B = tAn 1 sin r tan C = sin B tan c 

cos b = sin c cos B cos c = sin b cos C 

cos A = cot b cot c 

Or without using the polar triangle, 
cos a — cos b cos c 

cos A = : — r » make a = quadrant, 

sin b sin c * 

then cos a = 0, ami we have 

cos b cos c 

COS A = — — y—. SS — cot b COt C \ 

bin 0 am c 

cos b — cos a cos r cos b 
cos It = : : — ss ; 

bin a Bin c mii a 

cos c — cos u COS b COS c 
COS C = V ; ss 

iiu a sin 6 mu 6 

^ .. , . sin A sin a 

From these equation*, and the equntion - — c= - — - wo 

»m B aui 6* 

can deduce all the cases of quadrantal triangles. 

Given AB = f = 32 n 07' O'' and A C = l = GG 3 32', to 
find B and A, 

008 A *= — cot b cot c 

*°g COS A aas log COt b -f log COt C — 1 0 

« 10'ftM*2*50 4- 90370100 ^ 10 
m 9*82589f>0, which is the cosine of 47° 67' 1 6", 
but since coe A is negative, A must be greater than qo°. 
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OBLIQUE-ANGLED TRIANGLES* 


10. Case 1. Given the throe sides, viz. 


AB 

BC 

AC 


To find the angle A* 


By page 18, sin A A 


70° 17' 
1 10 3 
58" 


14") 


to find the rest. 



$ — h) sin (a — r ) 
sin 6 bin c 


hence wo have the following rule : 


From half the sum of the three sides subtract each of the 
two sides which contain the required angle 

Add the log sines of these two remainders, and the com 
pleraent logs of the sines of the sides which contain the 
angle. 

Half the sum of these four logarithms will give the log 
siue of half the required angle. Thus : 

79 V 17'U" 

110 

r.s 


;)‘07 

17 

14 



120 

OH 

07 

= ] sum of the three 

sido?'>. 

79 

17 

14 



44 

21 

20 

fir^t remainder 

log sin = tt,H j 15310 

123 

38 

37 



38 





63 

38 

37 

second remainder 

log sin = 9,9595173 


comp log sin 5 H' 0,07 1 5705 

comp log sin 79 ; 17' It" 0, 0070059 


2; IV, 8832840 


log sin = 60 ' 57 ' 28 " = 
2 


9,94 16t 20 


121 34 50 equal# the required angle A. 
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By a similar operation the angles B and C may be found ; 
but when one angle is known, the other two are easily deter- 
mined by Art. IB, page G. 

Case 2. Given the angle A = 32° 20' 30", the side 
b == 72° 10' 20", and the side a = 78° 59' 10", to find B, C 
and r. 

, _ . sin A . sin h 

Here bv page ft, sin B = 

* 1 D sin a 

log sin B = log sin A -f log sin b — log sin a 
log sin A = 9’72832(>9 

log sin b = 9 9780283 

19 7009552 
log sin a = 9-9919261 

log sin II = 9 7150291 

ii ss nr is' i5". 


By page 9, equation (lft) 

cot \ V = Ian .] (A -f B) 


cos | (a -f />) 
cos J (a — b) 


log cot 4 C = 

log tan } (A -f B) -f log cos J (a -f b) — log cos 4 (* — b) 

log tan J (A + B) = log tan 31° 47' 52" = 9 7217470 

log cos 4 ((» 4- b) s log cos 75° 34' 45* = 9*3982727 

19 1180197 

log cos 4 (a — b) as log cos 3° 24' 25" = 9 9992318 

log cot 4 C as 9*1187879 
.*. 4 C 8 82° 30' 39"; 


or C = 1 65° V 18". 


We might find <* from the equation 

sin C 

pm c ss sin a . — - , 
am A 

but we can find it directly from Napier's Analogies. 
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By page 9, equation (14), we have 

tan i c = tan i (a + 6) . C0 * J -. (A + « L 

* * 1 + } cos j (A — B) ’ 

. . log tan J c = 

log tan l (« 4- b) + log cos J ( A -f H) — log cos \ (A - B) 

log tan J (a 4- b) = log tan 75° 34' 45" = 10-5898230 
log COS £ (A + B) = log cos 31' 47 '52" = 0-9293745 

20 5101981 

log cos l (A — B) = log cos 1 5' 15" as 0 09902 18 

log (an ?, c = 10 5192703 
\ c = 73 10' 10" 
r = 110° 2 o' 20". 


Case 3. Given f *= 30 45* 28" ; a = 8 1 ° 1 4' 29" ; 5 = 
44° 13' 45", the two sides and the included angle, to hud 
A, B, c. 


By Napier’s Analogies, page 0, equations (16) and { 17), 


tan 4 (A -f B) = cot J C . 


cos J (a — A) 
cos | (a -f A) 


and tan J (A — B) = cot J C 


sin | (a — A) 
’ sin | -f A) 


4 C as 18° 22' 44" log cot * 1017*5395 
4 (a _ 6) = 20° 0° 22" log cos =* 9 0720690 


20*4515085 

4 (a 4- b) m 64 9 14' 7" log cos a 9 6381603 
. . log tan 4 (A + B) s 10*8133422 
4 (A 4* B) *81° 15' 41". 41. 
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A — B determined. 

i C m 18° 22' 44" log cot = 10’4785895 
£ (a — b) av 20 0 22 log sin = 9*5341789 

200127184 

£(«+&) = 64 14 7 log sin =* 0*9545255 

10-0581929 

i (A - B) = 48° 49' 3ft". 

A and B determined. c determined. 

A(A + B)~H1° 15' 44"*4 1 log sin 80° 45' 28"= 9*7770158 
l ( A — B)=48 49 38 log sin 44 18 45 = 9*8435629 

A = 1 30° ft' 22" 4l 19*6205787 

B = 32 20 0 4 1 log sin 32 20 0 = 9*7294422 

. . log sin c = 9 8911365 
r = 01° C' 12". 

<• may be found directly, without finding A and B, by th<j 
following method : — 

„ cos c — cos a . coa b 

Since cos G = - . . — , page 5, 

sin a . bin b 1 ° 

co$ c cos a . cos l -f sin a . sin b . cos C ; 
but cos (■ ss= 1 — vcr. »iu C, 

,*. cos c=oos a . cos 5+ sin a . sin 5— sin a . sin b . ver. sin C, 
**oo# (a— b) — sin a . #in b . ver. sin C ; 



Let tan* $ 
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which in logarithms is 2 log tan 6 = 
log sin a + log sin b + log ver. sin C — log ver. sin(a— i)...[a] 

then 2 sin* = ver. sin (a— l) . sec 9 0, and 

log 2 + 2 log sin ~=slog ver. sin (a—b)+% log sec 0 — 10. ..[A] 

c computed independently of A and B. 

Finding the auxiliary angle 0 by the form fa]. 

a = 84° I t' 29" Kin = 9-9978028 

b *m 80 13 45 sin = 981 35029 

C = 30 45 28 ver. sin = 9 29*4702 

aoiBUHiio 

a — b = to 0 tl ver. sin = 9 309387* 


2 log tan & = 19-7701541 

and log tiin 6 — 9-8*5227 n 


(’ask 4. Given c = 50° O' 20"; A = 129° 5*' .90"' 
D = 04° 29' 90"; to find a , b, C. 

Uy equations (14) and (15), page 9. 

. . cos i (A — Bi 

5 v ' 2 cos J (A 4- B) 


tan (a — A) 

■J (A + B) = 82" 1 t' 


HID J (A — B) 
tan .VC. . % y 

1 sm t A 4- B) 


l (A — B) = 47" 44' 90" L 
J c = 25° 3' 10" j 
log tan } (a 4- b) = 

log tan J c -8 log cos J (A — B) — log cos J (A 4- B) 
log tan Jc = log tan 25° 9' 10" = 9 6097162 

log cos J (A — B) = log cos 47" 4 F 30" = 9 8276758 


19 4973920 

log 00* $ (A 4* B) as log cos 82'' 14' as 9*1307812 
log tan J (<* 4* b) 


=a 10 3666108 
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4 {a + b) = 66 ° 44' 10" 
log tan 4 {a — b) = 

log tan \ c + log sin 4 (A — B) — log sin J (A -h B) 

log tan 4 c = log tan 25° 3' 10" = 9 6697 162 

log sin 4 (A — B) = log sin 4 7° 44' 30"= 9*8693023 

19*5390185 

log sin J (A + B) = log sin 82° 14' = 9*9959977 

log tan 4 (a - b) = 9*5430208 
-//)= 19° It' 50" 

4 (a + b) + 4 (<t — 5) = a 

4 (a + b) — 4 (<« — /') = ^ 

66° 44' 10" 

19° 14' 50" 

85° 59' o" 


47° 29' 20" 


.*. a = 85° 59' and 6 = 47° 29' 20". 


To find C. 

sin A __ sin <• 
sin a sin c 
sin A 

or, sin C = sm r . - . — ~ 
sin (i 

log sin C ■* log sin c -f log sin A — log sin a 

log sin A = log sin 129° 58' 30" = 9 8844129 
log sin c =ss log sin 50° 6' 20" = 9*8849241 


19 7693370 

log sin a = log sin 85® 59' = 9*9989319 


log sin C 

.\ C = 36° 6' 50" 


97704051 
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Case 5. Given the angles A = 70° flft'; B = 48” 80'; 
a = 89° 16' 58", to find the rest. 

_ . . Bin a sin B 

By page ‘<21, we have sin o = — — — 

log sin b = log sin a 4- log sin B — log sin A 
log sin a = log sin 89° 10' 53" = 9 9999058 

log sin B = log sin 48° 30' = 9 875 1 <250 

19 8750(1 11 

log sin A = log sin 70° 39' =s 9 9747475 

log sin b = 9-9003139 

.*. b = 52" 39' 1" 


sin b = sin (180 — b) = sin 127° 20' 50" ; but since A > B, 
a must be greater than b , hence b cannot bo 127 20' 50". 


To find r. 


By Napier's Analogies 

tan j c = tan £ (a -f- b ) . 


cos \ (A 4- B) 
cos \ ( A — B) 


log tan J c = 

log tanj (a -f h) -f log cos |(A 4 n) - log cos \ (A — B) 
log tan | (a 4- 5) = log tan 70' 57' 59" = 10 4022011 

log cos | (A 4- B) bs log cos 59° 37' 3U" = 9*703*563 


20 1000571 

log cos J (A - B) = log cos 11° I' 30" = 9*9919097 

log tan $ c sas 10 1741477 

.*. 4c=: 56° 11' 29", 
or c= 112° 22' 58". 


By equation (16), page 9, we have 


cot | C 


tan i (A + B) 


cos I O ***** jO 
cos | (a — b) 
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log oot \ C log =* 

log tan l (A + B) + log oos J (rt -f A) — log cos J (a — 4) 

log tan | (A + B) *= log tan 50° 37' 30" = 10*2820208 

log cos J (a + h) =* log cos 70° 57' 60" ** 9*5133811 

19*7454019 

log cos $ (a - b) = log cos 18° 18' 54" = 9*9774233 
log cot £ C = 9*7679780 

.*. J C = 59° 37' 30", 

or C* 119° 15', 

Cask 0. Given the three angles, 

angle A = 120° 51' 50"' 

angle B =s 50 • to find the rest. 

angle C = 02 34 0 

nn l /cO*i(8— B)cos(a^c) 

Ity page 22, cos J a as A/ — — . - > i ; 

^ ° a V bin B sin C 

lienee the following rule. 

To find the side bc. 

From half the sum of the three angles take each of the 
angles nexj the required side. 

Add the log cosines of these two remainders, and the comp, 
log of the siues of each of the adjoining angles. 

Half the sum of these four logarithms will giro the cosine 
of half the required side ; thus 
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121° 

54' 

56" 


50 




02 

04 

0 


2)284 

29 

o 


117 

1 1 

81 


02 

04 

0 


54 

40 

25 first rcm. 

cos 0,7fiaift:V3 

07 

14 

81 second rem. 

cos «,r.K7.VVJI 


comp, log sin 50 1 0,1 157400 

comp, log sin 02 J Si' 0" 0,05 1 HO I H 

*4) 10,5171801 

cosine 56 3 9,7585015 


110 tho required sido BC. 

By tbo same method the other sides may he found; hut 
one side being known (with the angles) the rest are most 
readily found by Art. 14, page 0. 
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CHAPTER III. 


41. The surface of the sphere included between the arcs 
D M, I) N is proportional to the anglo N D M or the arc 
M N. Seo jig. page 1 . 

If the circumference be divided into equal parts as M N, 
and great circles be drawn from D through the points M, N, 
the portions of the surface, such as N D M, are all similar and 
equal, hence if FM contains NM, « times, or if FM=n 
times N M, the surface F 1) M will be n times N I> M. 

When DM coincides with I) D, the angle F DO or its mea- 
sure FMO= 1 HO ; lienee if s = whole surface of the sphere, 
and if A be the angle N D M which is measured by the arc 
H A 

N M, the surface NDM = - . — - - , but 8 = area of 4 great 
4 180 

circles of the sphere. Halls DifT. Cal., page 370. 

8 ss 4 t r l «s 4 w when radius is unity, 



The measure of the surface of a spherical 
triangle is the difference between the sum 
of its three angles and two right angles. 

Let the triangle be A B C, <i, c, repre- 
senting the magnitudes of the angles at 
A, B, C ; let P= surface BCmB, QsmCnm, 

RkA C w A ; produce the arcs Cm, C«, till 
they meet at * (which will be ou the he- 
misphere opposite to that represented by 
ABin* A), then each of the angles at Cand 
$ equals the angle of the planes in which the arcs C me, C ns, 
lie ; therefore the angles at C and 4 are equal. 
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Again, the semicircles ACm,Cw<; B C n, Cne are equal ; 
or, AC + CmssC»n + m<r, and .\ A C = w *, and B C as n e ; 
and the triangle m * n = the triangle ABC; let a? as its area, 
then, by last article, 


* + P = 


$ a 

2 * TbO 


* 4* Q = ~ • f^Q » and * + p + Q + * = J 

S b 

* + *"a-I5o ; 

consequently, by addition, 


8 8 / rt *f ft *f ^ \ 

2 * + (* + P -f Q + K) or * * + = o • ( 18( f~ ) ; 

x — ~ — - (a -f + c)— 7 = a ^ 4 - — 1 80° ; 
4(180)' ; 4 

or („ -f. A -f r — 180°). 


Hence the area of a spherical triangle is eqiml to the excess 
of the sum of its three angles above two right angles, which 
is called the spherical excess. 

The late Professor Woodhouse, in his able work on Tri- 
gonometry, observes that— “This expression for the value 
of the area was merely a speculative truth, and continued 
barren for more than 15<> years, till 1787, when General Hoy 
employed it in correcting the spherical angles of observation 
made in the great Trigonometrical Survey/' 

In a biographical sketch of the life of Isaac Dulbv, late 
Professor of Mathematics at the Koy&l Military College, 
Sandhurst, in Leybourne’s Mathematical Repository, it is 
stated that he had sent some years previously to his death 
an account of the principal events of his life after reaching 
maturity. The following is a quotation from himself given in 
the above-named excellent periodical : — 

“ General Hoy s account of this measurement is in the 
Philosophical Transactions ; but it is not altogether what it 
ought to have bceu. His description of the apparatus, de- 
tail of occurrences, Ac., are all well enough ; but be should 
not have meddled with the mathematical pert, /or hit know - 
Udge did not extend beyond Plans Trigonometry. 1 drew up 
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the computations in that form which I thought the most pro- 
per for publication, but he wan continually making alterations. 
Jis did not even undent and the rule / made me of for finding 
the excess of the sum of the three angles of a spherical triangle 
abore 180° (which since that time has been quoted as General 
Hoy's theorem ). and would not insert it until he had constdted 
the Hon. Henry Cavendish, l or conducting the business in 
the held, however, lew j>crHons could have been better qua- 
lified than the General. 

" I believe he was the best tojK>gmpher in England, and 
knew the situation of every harrow, cairn, and hillock in 
Great Ilritain. He had something of an observatory in the 
upper part of his dwelling, and could regulate a clock or 
watch by means of transits. In fact, he was ready enough at 
calculations which depended merely on the use of the tables. 
Hut the rules which hr published for measuring the heights of 
the barometer all came from Mr. HamsdenC 

A note is given to tins extract in the Repository, which is 
ns follows: — *• It is not until very recently that Mr Dal by 
lias had justice clone him with regard to this ingenious rule. 
At page 18N of the new edition of Vol. III. of Huttons 
Course of Mathematics, published by l.)r. Gregory in IN‘^7, 
we find this note : — ‘This is commonly called General Roy's 
rule, and given by him in the Philosophical Transactions for 
1700, p. 171 ; it is, however, clue to the late Mr. Isaac Dolby, 
who was then General Roy’s assistant in the Trigonometrical 
Hurver, and for several years tho entire conductor of the ma- 
thematical department ‘ " 


rrimifcft t>EViaorMF.NTs cok< r.tiS‘txf. the simtuc.a 

KXCESS. 

49. Let the radius of the sphere be unity, «* the semi- 
circumference of a great circle : a, b, e, the tliree sides of a 
spherical triangle ; A, 1), C, the arcs of a great circle that 
measure the opposite angles. 

Let the spherical excess A + D + C-? *=S. 

The area of the spherical triangle is equal to the are 8 
multiplied by the radios, and Is therefore represented by 8. 

Now, by Napier • Analogies, 
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, ^ v , col 4 (a 4) 

UniCA + lD-cotic.^-i--^ 


tan { | (A 4- B) -f J C} : 


tan l (A -f n) *f tan | C 
1 — tun .J (A -f b) tan | r 


. \ (a — A) . 

coi \ C . I ") — ~§ ( + Ul1 4 c 

__ * cm | (a -f 6) 

Coal (« — A) 

1 — cot £ C . ~* y r. . tan .J C* 

v C4JS4 J (<l -f A) J 

ctpH ft (a — h) . 

cot 1 0 . J— — + tan ’ ( 

* cos J (<i 4- A) 

* rr- ~ 

COJ* jjf (o -f- ft) 

cot . co* j ni - A) -f. tan 4 « . con | <4 + A) 

Co* jJ ui -f A> — con | k* — A i 

1 + cost , I — rnnlJ . .. 

.... cos A (ft — A i -f — * coi A <a 4 M 

Min C Min ( 

cos J {a 4- 6) — c«# J — A | 

(hy *xj*anding the cosines and reducing) 

1 cos 4 a cm 4 A -f *»n \ <i ain 4 A coh (‘ 
mu c — aiii l a bin l A 

— cot 4 a cot 4 A — ro* f 
sin C 

but tan | (A *f B -f C) as tan 4 (• + 1^) ■» — cot | #; 


cot J S 


cot 4 <1 cot 4 A + CO* C 


bin C 
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This equation, which is very simple, enables us to find the 
area of a spherical triangle when the two sides and the in- 
cluded angle are given. 

To find the area of a spherical triangle in terms of the 
three sides, 


, 0 __ cot 4 O cot 4 b -f cos C 
4 8 =: n 


cos c — cos a COS b 

COS C =35 . . — 

sin a am 0 

, 4 , 1 *4“ cos a . . 1-fcos b , 

s sin a Bill b 


cos C-fcot j #cot i l = 


1 -f cos a -f coh b -f cos r 
sin « sin b 


1 -f cos C 


. +6 + e . <i + £-c 

, tN 2 mu sin 

cos c— cos(a-H>) 2 2 


sin a gin 1 


sin a sin b 


1 — COS C ass 


(2 sin a + M-c) . fl+e- 

am — ~- 

cos (o — b) — - cos r 2 2 

siu a sin b sin a sin 6 


Multiplying these two equations and extracting the root. 


sin ( == 2 


V a + £+7 ~a *+*"4" 

Bin y sm — 


c . o + c— 6 . o + f — a 
sin ^ sin 2 


siu a sin 6 


By substituting these values we have 

1 4* cos a -f cos b *f cos c 

cotJS® g 

/ , . o-fo— -*c . o-fc— 

/y sm — jj sm — — 


This solves the problem, but it can be put into a ampler 
form, and one that is adapted to logarithmic computation. 
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Resuming the formula 


cot Js = 


cot \ a cot J b -f cos V 
tun t* 


l -f rot* 4 S 


1 _ 

Mil' ^ S 

cot 7 J a cot 7 | -f ‘2 cot 4 a cot 4 h cos ( f 1 
stir C 


by multiplying l>oth Billets of tho value of cos C by ‘2 cot * u 
cot ,J b, we have 


cot \ a cot 1 b cos C 


cos r — <’os <i cos b 

U Sill* 4 « Sill 7 J b 


putting in the numerator for cose, coso, cos A, their values 
1 ~*.i stir J c, 1 — '2 mii* J <i, 1 —*4 sin* .J />, we shall huvo 


cot 4 a cot 4 /> cos C 


sin 7 { a 4- sin 7 .J /> — sin’ J < 
bin* J a win* j A 


. . , , „ , , 1 — sin 7 J <t I — sin 7 A b 

Also, cot 3 k a cot* \ b = • . , , / 

i 2 sin* 4 a am 3 .J l 


1 — sin 3 4 a —sin 7 \ h 


+ 1. 


sill 3 4 a S 1 U : 4 b 

Substituting all these values, we have 

1 __ 1 — sin 3 4 c 

bin 7 4 # am 7 4 <« sin 7 4 b sin 7 1 


, or 


. , n\n i a sin 4 b sin O 

sin 4 S = — 1 , . 

cos 4 c 


Substituting for tin C its value, we have 

Tftieovon. 
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Bin ^ 8 s= 

V( 


. a + b+c . a+b—c . a + c—b . b + c—a 


sin • 


% cos 4 a cos 4 b cos 4 c 

which expression is adapted to logarithmic computation. 
If we multiply this equation by cot 4 8 we have 


cos i « = 


1 -f cos a -f cos b -f* cos c 


4 cos } 2 a cos £ b cos \ c 

cos 2 4 a -f cos 2 l b -r cos 2 c — 1 
U cos 4 a cos | b cos 4 c 

From this wc have, 

1 — oos 4 H . . 

. --or tan 1 s = 
sin 4 K 4 

I — cos 2 4 (l — cos 3 b cos’* 4 <’ 4- v! cos .J a cos 4 b cos l c 


V{ 


. a -f- b + r . n -f /> — r 
sin r — . am . • sin 


(l+C-~h b + c — a ' j 

^ . sin - j 


The numerator of this expression can be put under the 
form [\ - cos* i ui ( l — cos* \ b) - (cos 4 a cm 4 & — cos 4 0* 
which may he decomj>osed into the factors 

bin 4 <* sin 4 b -f cos 4 cos 4 b — cos 4 c oud 

bin 4 a 8in 4 b — cos \ a cos A /> + cos * c. 

These reduce ultimately, the tirst to cos ( \ a — 4 b) - cos J c = 

. fl-fc — h . h + c — a 
o sm , 


£ sin - 


4 


4 
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tan \ s « 

. . a + 6+e a+b—c ii-fr — b . A-fr — fi 
4 sin sin bin 

4 4 4 1 


vt 


, a + b + c a -f b — c rt + f — A A-fr-al 
4 4 4 4 J 

. tail ] $ = 

\/ a -f b 4* r <j *f A ~ r a ■+- r A A ■+ r u 

tail tan - tun * . tun * 

4 4 4 4 

This elegant formula is dm* to Simon Lhuilln r. Sr* 
Legendre '» G comet rv, page 310 


GIRARD'S THEOREM. 

44. Bv jaige 4o, 

1 s 0 

a -f A + r - ISO ss 7 x, or reducing <i. A, c to seconds, 

is r~ 

I Ml' / tin y tin 

the excess iu seconds = , - x 

% r* 


Now, on the earths surface, the length of 1 taking n 
mean measurement * ^ouMDUi ) / 0 feet, and uu are = 
.. 300 

radius = — ; 

*5 T 


300 

. . (0oS59T> x 6 x 

4 V 


radius of the earth in feet; 


the excess in seconds 


4 *T f »0 y (ft) 

* ■ 300 * O^xloObSuTT* 


x 10 

30 x (0OS5FF? * x 

log . excew = 

fcg*-{2(logC + log60M9i)-log2» X 10} 
•slog* — 17ft*l791t; 

as log jr — » U 3407737. 
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Hence the following rale : — 

From the logarithm of the area of the triangle , considered 
as a plane one, in feet, subtract the constant logarithm 
$*5207757, and the remainder is the logarithm of the excess 
above 180°, in seconds nearly. 

Observed angles. 

Ex. JIangcr Hill Toner (a) 42° 2' 32" 

Hampton Poor-house {!>) 07 55 50 

Kings Arbour (c) 70 1 48 

Distance from (a) to (7>) = 58101*12 feet, 
from (o) to (c) = *44701*7. 

Taking the distance from (a) to (r) for the base of the 
triangle, the perpendicular on the base will be 58401 1*2 x 
sin 42 w 2' 52 , and therefore the area of the triangle 

base y perpendicular 


= 247u 17 x 19250-50 x sin 42° 2' 52", 
log area = log 2 47m 17 -f log 1925M-5G 
4- log sin 42* 2' 52" — 10 

= 4-5927701 -f 4 2*59900 4- 9*8258001 
= 8 5020528 = logarithm of the area in feet ; 
hence, 8*5020528 - 9 5207797 = — 1*1758591 ; 

the corresponding natural number is *14992, tiro spherical 
excess in seconds. 

LEGENDRES SOLUTION OF SPHERICAL TRIANGLES WHOSE BIDES 
ARE VERY SMALL COM CARED WITH THE RADIUS OK THE 
SPHERE. 

44. When the sides a, &,r, are very small with respect to tha 
radius of the sphere, the proposed triangle is very little dif- 
ferent from a rectiliuear triangle, ami. considering it as such, 
we can have a first solution approximately, but we neglect in 
this manner the excess of the sum of the three angles above 
180*. To liavo a solution more approximate, we must take 
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into account this excels, and this we can do very easily hr 
means of a general principle which we proceed to demon- 
strate. 

Let r be the radius of the sphere upon which the triangle 
is situated, and if we imagine a similar triangle upon the 
sphere whose radius is unity, the sides of this t-riangle will 

be ” , - , C ; and we shall have cos A = 
r r r 

a ft r 

COS - — COS COS - 

r r r 


f> . c 

Mil sill 
t r 

hut since r is very great with respect to n, ft, r, we ahull have 
approximately, 


a a 7 a * 


cos ~ 

— 

1 - 

-t 


r 


Vi r 


Vi , .‘i t r* 

ft 


t, 


/,* 

cos 

=: 

1 — 

+ ; 


r 


Vi r 


i . i 1 r * 

c 


e' 


r« 

CoS 

= 

1 — — - 

+ 


r 


Vi r* 


Vi . 3 . 4 r' 



h ft 


// 


hill 

- — — — 


j 



r r 


3 r* 



r c 


c 1 


biu 

= ■■ — 

- -- 

— - — 



r r 

4 

. 3 r* 


Substituting these values in the above equation, 


cos A = 


V + <*-<1* a* — b K — r % //V*_ 

— - + - j — “ t r * 


Zifi-V-'-lL) 

r l \ 1 Or Oi 


0 r* l 


v + e 


Multiply numerator and denominator by 1 H — ami 
reducing 
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COS A an 

ft 3 -f c 1 — a* a' 4* ft 4 4- c l — 2 a 1 fr — 2 a* c 2 — 2 ft* c 1 
2 ft c *** 24 ft c r* 

Let A' be the angle opposite to the side a in the recti- 
linear triangle of which the sides are equal in length to the 
arcs a, ft, c, we shall have 

A , ft’ + rW , 

cos A = — — , and 

2 6c 

4 ft 1 c 1 sin 7 A== 2 ( t 2 ft*-f 2 <r C'-f- 2 ft 7 c* — o 4 — ft 4 — r 4 ; 


therefore cos A = cos A' 


. sin *A' 


let. A ss A '-f we shall have rejecting the square of x, 
cos A = cos A* — x sin A\ 


from whence wo have x *=s •— sin A', 
u r 

and since .r is of the second order with respect to - and it 

r r 

follows that the result is exact to quantities of the fourth 
order, we shall then have 


A = A' -f ~ — - sin A' ; 
or 

but i ft c sin A' = tlie area of the rectilinear triangle, of 
which the three sides are a t ft, c, do not differ sensibly from 
those of the proposed spherical triangle. Then, if either 
area be called «, we shall have 


A = A'+— .or A=A--. 


Similarly, n'=B — — c'=c — — . 

Or or 


lieqpe there results, 
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A' + B'-f C'or ISO ss A + B + C~ *. 

r ? 

wo can then consider ~ as the excess of the three angles of 

the spherical triangle above two right angles. 

Hence wo have the following rule: — 

A spherical triangle t>eing proposed, of which the aides are 
very small with respect t<> the radius of the earth, if from 
oath of its angles one-third of the excess of the sum of its 
three angles abo\o two right angles he subtracted, the angles 
so diminished may l>e taken for the angles of a rectilinear 
triangle, the sides of which arc equal in length to those of 
the proposed spherical triangle, or in other terms . — The 
spherical triangle, whose sides are nearly rectilinear, of which 
tne angles arc A. B, ( \ ami the opposite sides a, b % r, answer 
always to a rectilinear triangle wnose tides are of tlie same 
length, a. A, r. and of which the opjn>aite angles are A — | ; 
B — \ t ; ( — \ . ; i being the exo-tot of the sum of the angles 
of the spherical triangle proposed nbo\e two right angles. 

The excess t, or-^, which is proportional to the area of the 

triangle, can always he calculated <i priori, by the given parts 
of the spherical triangle considered as rectilinear. Ir the 
two sides, h. r, and the included angle A. are given, we shall 
have the area * =r ) b r sin A ; if w o have given the side a, and 
the two adjacent angles B, ( , \w shall have the area 


a = t « - « 

am I II -f C / 

4.V Given the three edges of a 
parallelepiped, and the angles be- 
tween them, to find the solidity. 

I-et the edges HA = /, HB = n. 

8C = ft. and the contained angles 
A 8 B as a, A S C = C, H 8 C = 
y ♦ if fmm the point C we let fall 
C O perpendicularly on the plane 
ASB then in right-angled triangle 
080; CO =C8wnC8 0tt 
h sin C SO, besides the surface of the 




50 


SPHERICAL TBIGONOMETBY. 


parallelogram ASBP = / g sin a. Therefore, if we call 8 
the solidity of the parallelopiped 8 T, we shall have S = 
f. g. h. sin a sin €80. We now proceed to find sin CSO. 
From the point 8 as a centre and radius unity, describe a 
spherical surface meeting the right lines 8 A, SB, SC, SO, in 
the points D, E, F, <l, we shall have a triangle D E F, in 
whicn the arc F O is perpendicular to E D, since the plane 
080 is perpendicular to A SB. Now, in the triangle DEF, 
where the three sides, BE = *, DF = C, EF = y, we have 

COS C — COS a COS y , 

cos E = r : , and 

sin a sm y 


sin E a= 


sj 1 — cos* a — cos* C — cos* y -f 2 cos a cos C cos y 


sin « sin y 


Then in the right-angled triangle EFO.sin OF or sin CSO == 
bill E bin EF = sin y bin E. 

S as/, g. h. bill A bill y sill E = 


/. g.h. 1 — cos* a — cos* C — cos* y 4- 2 cos a cos € cos y . 

The expression under the radical is composed of the two 
factors, sin a siu y -f cos C — cos a cos y, and sin a sin y — 
cos C + cos a cos y t the first = cos C — cos (a + y) =s= 

sin A-f'C-f-y a -f y — C 
. bin ; 

the second * cos y) — cos £ = 


2 sin 




therefore, 8 = 


»+C+y . «-fC— y 


. « 4-y — * . £-f*y — • 
bin . sin 


46. The same things being given as in the above to find 
the diagonal. 
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Let the diagonal of the base SP = and the required 
diagonal ST = u, the triangle ASP, in which cos SAP =* 
— cos «, we have s 7 = /* + q 1 + 2/ q cos a, in like manner 
in the triancte TSP, in which cos TPS = — cos C 8 P; 
u* = g* 4 - hr -f 2 h z cos ('S P. 

We must now find cos OSP, or of the arc FH. 

Now, in the spherical triangle EFH, we have cos K It » 
cos EF cos EH -f sin EF sin EH cos E, substituting tbo 

, cos C — cos a cos y . , 

values FF = y and cos E = r it becomes 

sm ol sin y 

sin E H 

COS F H = COS ", cos K II -f - , {cos « — cos a cos y) ss 

sm a 

sin E H cos C sin (« — EH) cos y 
hill a sill JI 

# sin E H cos C -f sin I> H cos y 

sin <* 

Theri'foro 2 h : cos FII, <>r V! h: rn» ( SP = 


„ s sin EH * sin Dll 

*2, h cos • . —-7 *f* V! h Cos y . — - - - - ; 

Sill a bin <* 


but in the triangle II 8 P we have 
SP sin BSP 


BP 


which grics 


sm s B r 
z sin E H 


and B 8 


sp sin BPS 
sm SBP 


tun a 


r . z sin I>H 
= / and — 7 =: (j ; 


2 h z cos CS P as 2/h cos C + 2 n h cos y. 

Hence the square of the required diagonal 
w 5 sb / 3 * 4 - 0 1 -f h 2 -f 2 / g cos « -f 4/ A cos C -f 2 g h cos y. 


47. To determine a line on the surface of a sphere on which 
the vertices of all triangles of the same liase and surface are 
situated. 

b 3 
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Let ABC, be a spherical triangle, (one of those on the com- 
mon base AB,ssu) ; and the given surface A-fB-fC — » 8. 

Let IPK be an indefinite perpendicular on the middle of AB, 
having taken IP a a quadrant, P will be the pole of the arc 
AB, and the arc Cl), drawn through the points P C, will be 
perpendicular to A B. J^et ID = y, C D a a q, the right- 
angled triangles, A CD, BCD, in which AC as t b, BC «a, 
A D * p -f J c, B I) x - { c, will give cos a » 
cos q, cos (p — i r). cos h = cos q cos (p -f h c). But it was 
found, page 48, that 

, 1 4- cos a -f cos A 4- cos r 

cot J S = . . 

sin a sin b sin C 

Substituting in this formula the values 
con a 4* cos h ■= cos q cos p cos ^ c, 

1 — cos r = 2 cos 3 A c, Hin h sin C = 
sin c sin B =: sin \ c cos \ r sin B ; 
there results, 

cot \ $ _ cos i r + cos V cos 7 
* sin <1 sin J r sin B 


K 



Again, from tho right-angled triangle BCD, sin a sin B = 
sin q ; 

\ s 008 i r + r08 } } * cos 7 

a sin J c sin q 


or, cos p cos q = cot \ S sin \ c sin q — cos ^ r. Tliis is the 
relation between p and q which will determine the locus of 
alt the poiut* C. 

Produce IP to K, let PK = jr. Join KC, and let KC = y ; 
in the triangle PKC where we have P(’s=^y — q, the angle 
KPC = «r — the side KC will be found by the formula 


cos KC = cos KPC ain PK sin PC 4- cos PK cos PC, or 
cos y ss ain q cos x — sin jr cos/> cos q. 
Substituting this instead of cos /> cos^ the value 

cos 1 8 sin £ e sin 7 — cos | c f there results 
cosy s= sin jr cos | c 4- sin q (eos.r— sin j* cot t 8 sin ^ c). 
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In which, if wo take cos m — sin x cot ^ S sin J c = 0, or 
cot £ S sin ^ c = cot x> there will result cos y = sin x cos .1 r, 
and thus a constant value of y is determined. 

Therefore, if after having drawn the arc IP perpendicular 
to the middle of the base AB, and beyond the pole the part. 
PK such that cot PK = cot A 8 sin -.1 r, all the vertices of the 
triangles on the same base c t and of the same surface 8, will be 
situated on the small circle described from K as a pole at the 
distance KC, such that cos KC = sin PK cos | r. This is 
LexeUs theorem. 

48. Given the three sides, IU’ = a, AC = 4, AB = r. to 
find the position of the point I, the polo of the circle eir 
rumscrihing the triangle A II C. 

Let, the angle ACI = x, and tin' arc A I = C I == III =■• £ ; 
in the triangles CA I. CBI, wc shall have by the equation — 


ons $ — cos 4 cos t 
sin 4 sin $ 

1 — ros 4 


am 4 
sin 4 

1 4* coa 4 


cot $ ss 


cot : 


I — ros a 

COS* (C — it) ae= : cot c ; 

win it 






a 


therefore 


cos (V — • x) 

COM X 


or, cos (’ -f sin C tan x = 


( 1 -f cos 4) ( 1 — cos a ) 


sin a sin 4 

Substituting. in this equation, tho values of cos (' and sin C, in 
terms of the sides a . 4, c, and putting for the sake of abridg 
raent, M = ,*/( 1 — cos v a — cos* 6 — cos- c -f U cos a cos 4 cos c). 

1 4* cos 4 — cost — co* n .... 
we nave tan x = , which determines 

the angle ACI. From the isosceles triangle* ACI, ABI. 
BCI. w* have AC I tax |(C -f A — B); and, in the game man 
ner, BCI ae 4 (B 4 * c - A); BAI a { (A f B - t). 

From which results these remarkable formula?, 

1 *f coa b — cos a — cos c 
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s . , . 1 + cos a — cos b — cos c 

tan 4 (B+C-A) = 

31 

, , 1 4* cos c — cos a — cos b 

tan 4 (A + B— C) = — 

31 


To which we may add that which gives cot | S, and whict 
can be put under the form 

. , . — 1 — COSrt — COS b — COSC 

tani(A + B + C)= 

From the value of the tangent of x t already found, wc have 
, 1 2 ( 1 +cob Ml — cosr)(l — cosa) 

1 -f tan'- x — — = SSS 

cos‘u? 31* 

1 ft cos 2 i h sin* ^ c sin* ij a m 
M * ’ 


1 1 cos i l sin \ c sin a 


31 


, hut from tlio equation 


cos x = 


- — ~ cot 0 = tan A b cot we find 
sin b 


tan A b 4 sin A a sin A b sin A c 

tan 0 = ; tan 0 = — 

r cosj? r 31 


2 sin s$ a sin J h sin J c 


V( 


. o + r . o-fc — b . b + c — a\ 

sm sm — -- — sin — sin — - — 

5$ 9 2 2 > 


40. Hie surface of a spherical polygon is measured by the 
sum of the angles, minus the product of two right angles, and 
the number of 6ides of the polygon, minus 2. 

From A draw the arcs A C and A D, the angles of the poly- 
gon ; it will then be divided into as many triangles, minus 
two, as the figure lias sides ; but the surface of each triangle 
is measured by the sum of the angles, minus two right 
angles ; and it is clear, that the sum of ail the angles of the 
triangles is equal to the sum of all the angles of the polygon. 
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Therefore the surface of the polygon 
is equal to the sum of the angles 
diminished by as many times two 
right angles as the figure has sides, 
minus two. 

Thus if S = sum of the angles 
of a spherical polygon, n = the num- 
ber of its sides, then the surface of 
the polygon is S — n ?r -f 2 n = 

8 — 2 — 2) or S — 2 n + 4, when 

the right angle is taken equal to unity. 

POLYHEDRONS. 

50. If S be the number of solid angles of a polyhedron, 11 
the number of faces, A the number of its edges, then 

8 + II = A -f 2. 

Take a point within the polyhedron, and from which draw 
lines to all the angular points of the polyhedron ; imagine 
from this point, as a centre, we describe a spherical surface 
which meets all these lines in as many points, then join these 
points by arcs of great circles, in such a manner as to form, 
upon the surface of the sphere, the same number of polygons 
as there are faces of the polyhedron. 

Let ABCI)E he one of those jMdygons, and n the mimher 
of its sides, its surface by the last article will be S -- 2 n -f 1 ; 
8 beiug the sum of the angles A, H, C, I), K Similarly if we 
find the value of each of the other spherical jwdygons, and 
add them all together, we conclude that their sum or the 
surface of the sphere which is represented by *, is equal to 
the sum of all the angles of the polygons, l«*ns twice* the num- 
ber of their sides, plus four times the number of faces. 

Now as all the angles tliat meet at the sume point, A, is 
equal to four right angles, the sum of all the angles of the 
polygons is equal to four times the number of solid angles, 
it is therefore equal to 4 8. Then double the number of sides 
AB, BC, CD, Ac., is equal to four times the nnuitar of edges, 
or equal to 4 A, since the same edge serves for two faces ; 

8 = 4 S — 4A + ill ; or 
2 = 8 — A + H; or 8 + H = A f 2. 

[See Legendre '$ Geometry, pp. 22?, 2*211, ] 


c 




srHEUICAL TRIGOKOlfETRT. 


02 


Cor. It follows that tho sum of all the plane angles which 
form the solid angles of a regular polyhedron, is equal to 
as many times four right angles as there are units in 8 — • 2, 
s being the number of solid angles of the polyhedron. 

The plane angles = sum of all the interior angles of each 
face, which Prop. 32. of the 1st book of Euclid 

=S H (w — 2).ir 

— 2 (A — II) r (since n II = 2 A) 

= (S — 2) (since A — H os S — 2). 


51. There can be only live regular polyhedrons. 

Since every fuce has n plane angles, the number of plane 
angles which compose all the solid angles = nil = Sm = 2A, 
and by the last article S -f H = A 4 2 ; 

m . m S . 

H sa - 8 , and A » — ; substituting these, 
n 2 


in m 8 

b H 8 as 4* 2, 

u 2 

2« S 4 2m S =* m «8 4 * 4n, 
2/iS -f 2m S — miiS = in, 
8 {2 {n 4 m) — m n } = 4 ft, 
4 n 

S =s . 

2 (ft 4 - w) — mn 


Now this must l>e a positive whole number, and in order 
that it may be so 2 (m 4 «) must be greater than win; and, 

therefore, — 4 - — >4. or — >4 — — ; hut m cannot be 
mn h m 

leas titan 0 , therefore, ~ cannot be so small as ^ or 

consequently, since n must be an integer and cannot be less 
than 3, it can only be 8 , 4, or 5. In the same manner m 
cannot be less than 8 , therefore the values of m can only be 
3, 4, or 5. 
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52. To find the inclination of two adjacent A 

faces of a polyhedron to each other. , k 

Let AB be the edge common to the two / 
adjacent faces of a polyhedron, C and E the e/V j P 
centres of the faces. * Draw CO, EO, per \ f / 
pendicular to the faces meeting each other \ I / 
in O; and CD and ED, perpendicular to \ t * } 

AB. the intersection of the planes ABC. v '\ |fl j 
ABE, then the angle C1)E is the required \ \\j 
inclination. \ {“ / 

Let n he the number of sides in each \| / 

bice, m the number of piano angles in each ’\j / 

solid angle if from tho centre O, and ° 

radius equal to unity, describe a spherical triangle meeting 
the lines OA, OC, (>D in q, r, we shall have spherical 
triangle pqr, in which we have the angle r a right angle. 

tho angle p == ~ , and the angle q = ’ ; 

and by right-angled triangles, cos qr = r<>R ^ : 

MU q 

hut co&qr =* cos COD a= sin CDO as sin J C, V being the angle 
CDE ; then 


ain $ C = ■ 


This equation is general, and applies successively to the 
five polyhedrons, by substituting tho values of m and » in 
each case. 

Tetrahedron m ** n m ft. Hexahedron m * 5, n as i. 

Octahedron m = 4, n = 3. Dodecahedron w = It, n = 5. 

Icosahedron m = 5. n = 3. 

From the triangle pqr from which we have deduced the 
inclination of the two adjacent far<*s, wc have 


cos pa = cot p cot q ; or — - = cot — cot — 
1 OA m n 
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therefore, if we call R the radius of the sphere which cir- 
cumscribes the polyhedron, and r the radius of the sphere 

inscribed in it, we shall have — = tan— tan — ; 

r m n 

and, by making the side AB = a t we have CA = - ; 

X 

8111 

n 

. 0 0 4 a 2 

and, consequently, R- = r* -f — 

Bin*- 

n 

These two equations give for each polyhedron, the values 
of the radii R and r for the circumscribed and inscribed 
sphere. We have, supposing C known, 

AS* 

r = 1 a cot — tan l C and R = A tan — tan A C. 

71 4 m 

In tho dodecahedron and icosahedron, — has the same 

r 

value for both ; vi/.., tan — tail— . Therefore, if R be the 

5 

same for both, r will also he tho same ; that is to say, if 
these two solids are inscribed in the same sphere, they will 
also circumscribe the same sphere, and vice vend. 

The same property holds with regard to the hexahedron 

and octahedron, since the value of — is the same for one as 

r 

the other; viz., tan ~~ tan 

o 4 

511. To find the inclination of two adjacent faces in the five 
regular polyhedrons.* 

*■ 

cos — 

From tho equation sin £ C= , taking the tetrahedron 

sin — 
a 

* Legendre, at page 312 of hit Geometry, findj the inclination from the 

rnl c — cOid emb 

equation cot C ss — ^ — ; me equation 3, page 5. 
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where m = 3 and n = 3, 

. . cos 00° 1 

sin C = -t— — , = TTf ; cog C = 
sui ho v;i ■ 

In the hexahedron m = 3 and a = I. 

. , cos 00 1 . 

sin A C = — — — = , and cos C' — 0 ; = 00. 

sin 45 v/., 


In the octahedron m = 4 and n = 3, 


cos 45 /‘4 

! ^ sin fto 'x 3 ’ 


and cos C = — 


In the dodecahedron m = 3, n = 5, 

. cos 00 o 1 — %/ 5 

Sill I C = — — sss rrr~r: , and COS (' = • — 

sin 3b v/jo - 2 ^5 r » ~ v/5 

In the icosahedron m = r >, ;j = 3, 

. , cos 30 l -f v'TT . s'? 

sin A C = -r — --- = , — , and cos C = — - • 

sin bo v/ 3 

54. To find the solid content of a regular polyhedron. 

The area of each face a= - a* cot - ; hence the area of the 
4 n 

surface of the polyhedrons II. a" cot , and the solid con* 
1 J In 

area of the surface x hy the altitude . , . 

tent*= = ff of the area 

of the surface x by radius of inscribed sphere 

i n „ r nra 7 Il r ... 

x II . ~ a 3 cot - x r = — cot ( 1 ) 

4 n 13 n v 7 


^ or siuce r = £ a cot ~ . tan ] c ^ 


fia* II «r 

e* - cot* - tan A C . 
1*2 n 
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From either of these equations we can find the solid 
content. 

We shall here use the first. Taking the equations 

K ** *r n a % 

- = tan —tan , and R' — r > 

r m n 


4 snr 


we can find r and K. 

In the tetrahedron m = ft, n = ; 

R 


tan 0<» . tan 60 as x V'U ss 3 ; . . R = Mr. 


K — r 


4 sin* 0o a 


as , but R as 3 r \ 


a 3 n* 

r 5 sc — - or 8 r 3 = 

a * a \\ R 
f as* — , /• r - Also 7, = r 

rfv'O ^ 

R* " 

T ** a* ^ * 2 v /6 ’ 

In the hexahedron m *= R, n»4, 


K - 


,i a v/ M 

as tan 00 ton 45 = y/;i ; r = - ; K = — ~ — • 


a a 

In the octahedron, m = l , and n = 3, and r as-— ; R = — r . 

N /0 v /‘ 4 

In the dodecahedron, m = 3, n = 5, 
r ^ oj) ^ + 1 1^ \ r ° * ^ *= j (\/ 15 -f V / M) • 

In the icosahedron, m as 5, w = 3, 

r=^V' 44 + 16 V5"; R = j v/tO + iy/b- 



simiciL TmiooKowmnr. 
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These being substituted in equation [ 1 V page 05, we find 
the solidity of each of the tire polyhedrons. 

(j 1 

For the tetrahedron the solidity is — v " 

l v» ' 

For the hexahedron <i\ 

For the octahedron ~~ v v) . 

For the dodecahedrou * V i7u 4 - *jio v 5 . 

For the icosahedron ■ — V^l 1 -M» \- 5 


Example*. 

1. In the oblique-angled spherical triangle A IM . Given 
the side A B 711° lit', the side lit fed IT, the side AC 1 lib o', 
required the angles. 

( A as ii is'. 

Alls. < H sb 1 ‘Mi 4 o'. 

[ ( b AH AH'. 

%. The latitudes and longitudes of three plates on the 
earth s surface, suppose ixmdon, Moscow, ( onstantinoplc, being 
given as below : required the latitude and longitude of that 
place which is equidistant from the former three? 

The latitude of Ixmdon is 51 " ' lUi\ the latitude and lon- 
gitude of Moscow 55 15'. and . and those of Constan 

tinople 41 f 1)0' and die 15' resjactively 

Ii. fiiven the latitude of three places. Moscow 55 Ib»', 
Vienna iH' 1*4'. Gibraltar .*15' H«F, all lying directly m the 
same arc of a great circle. The difference of longitude be- 
tween Vienna, 1 situated in the middle, land Moscow, easterly, 
is equal to that between Vienna and Gibraltar, westerly. It 
is required to Cnd the true Glaring and distance of each place 
from the other, and the difference of longitude, according to 
the convexity of the glol** 

4. Four given equal spheres being placed in clos** contact 
with each oilier, it is required to find the volume of the sj au o 
inclosed between them and the three triangular planes tlirough 

each three centres. 
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5. A point P being taken in the surface of a sphere, let «,£ 
denote its spherical distances from two given points ; then if 
m cos a -f n cos # = a constant quantity, m and n being any 
given numbers, the locus of P will be a circle. 

6. The base of a spherical triangle is given, and the sum of 
the cosines of the angles at the base, to trace the locus of its 
vertex. 

7. The sides of a spherical triangle are produced to meet 
again in three more points, thus forming, with the original, 
four spherical triangles, which constitute Daviess “ Associated 
Triangles (12th edit., Hutton s Course, vol. ii. p. 41,) rr, r 2 r 3 
are tho radii of the inscribed, and R Rj R,, R a the radii oi the 
circumscribed circles. ]Tu\ e that 

tan* R + tan 2 R, -f tan- R s + tan 2 R 3 = 
cot* r -f cot* -f cot*' e, + cot* r r 

8. A person engages to travel from London to Constanti- 
nople, and to touch the equator in his journey, required the 
point of contact, and the length of his track, admitting it to 
i»o tho shortest possible, and the earth a sphere. 

0. The angular points of two triangular pyramids being 
respectively situated on four converging lines in spare, let the 
corresponding faces be produced to meet ; then will the four 
lines of section l>e all situated in the same plane. 

10. (liven the longitudes of two places, 6° 49', and 54° 85', 
their respective latitudes 48 J 2d' 14", and 4° f>6' 1ft"; find 
their distance, the longitudes being both west, and their lati- 
tudes both north. 
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